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Problem 1

(a) The ball moves in the primed frame with velocity u′ where
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If, in the primed frame, we assume the ball passes one end of the stick at t′ = 0, the ball
passes the other end at t′ = L′

u′ = 5L′

4c . The separation of the two events is
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An observer in the unprimed frame will find the ball passes the stick during
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given by the Lorentz Transformation.

(b) No. Because c is the relative speed of two objects and not the speed of an entity. In the
unprimed frame, we find the length of stick is
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So the ball passes the stick during
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Some additional comments are warranted:

• What’s really going on in part (a)? The fundamental problem is that it’s just impossible to
conserve energy and momentum in going from a single photon to a final state with any non-
zero-rest-mass particles. That’s all. What we have done is to demonstrate this in different
ways by assuming it is possible and then obtaining a contradiction. Another way of seeing
this is to look at E/|~p| in a general way. For photons, this quantity is always 1. For massive
particles, this quantity is 1/β, which is always greater than 1. There is thus no way to make
up a four-momentum from massive particles that is consistent with a four-momentum made
up of massless particles.

• How does this change with the presence of a nucleus? The nucleus has rest energy but zero
spatial momentum. This breaks the tight tie between the energy and spatial momentum in
the initial state, which is what makes simultaneous conservation of energy and momentum
impossible if there are non-zero-rest-mass particles. In the language of the previous bullet
point, introducing M in the initial state makes E/|~p| > 1 for the initial state also.

• Why is the final state with the electron and positron created at rest the lowest energy final
state? It is a somewhat subtle argument. Clearly, the absolute minimum photon energy
consistent with just the final state particle count is a photon with energy 2 me so that there is
enough energy to create the final state electron and positron. But we can’t have a final state
in which M and the positron and electron are at rest – such a state has no spatial momentum,
while the initial state has spatial momentum. So, how can we get the necessary momentum
while minimimally increasing the final state energy? By giving the momentum to the nucleus:
because it is so heavy, one doesn’t need to give it much speed to get the spatial momentum
γ m β to be large enough to provide the necessary spatial momentum. This justifies the guess
used above. In the end, it is justified by the fact that

E = 2me

(
M −me

M − 2 me

)
≈ 2 me

(
1 +

me

M

)
That is, E approaches the minimum possible value it can have based on final state particle
count as me/M → 0; you can’t do any better than that.
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Problem 3

(a) Since the distant person and the Earth have the same rest frame. This part is easy. In the
Earth frame, if we assume tachyons leave the earth at t′ = 0, then they arrive at the distance
person at t′ = L′

vt
and return to the earth at t′ = 2L′

vt
. So we have

∆t′ =
2L′

vt

(b) Just as part (a), tachyons arrive at the distant person at t′ = L′

vt
. After the reply is sent,

tachyons travel at the velocity of vt relative to the receiving distant person who moves with
a velocity v0 away from the Earth. Let us assume the distant person is traveling away from
the earth with velocity −v0 along the −x̂ axis. So the tachyons travel at the velocity of v′t in
the +x̂ direction in the Earth frame where

v′t =
vt − v0

1− vtv0
c2

given by the addition of the velocities. The tachyons reach the Earth at t′ = L′

vt
+ L′

v′
t

. So one
has

∆t′ =
L′

vt
+
(
1− vtv0

c2

) L′

vt − v0

(c) If the Earth-bound observer receive the reply before the original tachyons, we have ∆t′ < 0 in
part (b). So we have

L′

vt
+
(
1− vtv0

c2

) L′

vt − v0
< 0

vtv0

c2
− 1 >

vt − v0

vt

v0

(
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c2
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1
vt

)
> 2
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2vt

1 + v2
t

c2
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(c) Maximal opening angle
We know that, in the kaon rest frame, the two pions must emerge back to back with spatial momenta
equal in magnitude but opposite in direction because the spatial momentum vanishes in that frame.
Since they have the same mass, their velocities will thus also be equal in magnitude and opposite in
direction, and their energies must be equal. If we let θ′ be the angle that the π+ velocity makes with
the direction of the lab frame kaon momentum, then we have for the components of the 3-velocity:

u′π+,|| = u′π cos θ′ u′π−,|| = −u′π cos θ′

u′π+,⊥ = u′π sin θ′ u′π−,⊥ = −u′π sin θ′

where u′π is the common magnitude of the pion velocity. Now, what is the opening angle in the
lab frame? We must do velocity addition. Let VK be the kaon lab frame velocity and γK the
corresponding Lorentz factor. The pion velocities in the lab frame are

uπ+,|| =
VK + u′π+,||

1 + VK u′π+,||
=

VK + u′π cos θ′

1 + VK u′π cos θ′
uπ+,⊥ =

uπ+

γK
=

u′π
γK

sin θ′

uπ−,|| =
VK + u′π−,||

1 + VK u′π−,||
=

VK − u′π cos θ′

1− VK u′π cos θ′
uπ−,⊥ =

uπ−
γK

= − u′π
γK

sin θ′

We see that the two pions have equal and opposite perpendicular components of velocity but
possibly different parallel components and so their opening angles will be different. They are

tan θ+ =
uπ+,⊥
uπ+,||

=
1 + VK u′π cos θ′

VK + u′π cos θ′
u′π
γK

sin θ′

tan θ− =
uπ+,⊥
uπ+,||

=
1− VK u′π cos θ′

VK − u′π cos θ′
u′π
γK

sin θ′

(θ+ is taken to be positive in the CCW direction, θ− in the CW direction.) We don’t need to let
θ′ exceed π/2 because then the π+ and π− just exchange places. Now, the only free parameter in
the above is θ′, and tan is monotonic in its argument between 0 and π

2 , so we could in principle
maximize the two angles by differentiating both expressions with respect to θ′. But we don’t need
to do that – we can see the result easily. Since tan θ+ = uπ+,⊥/uπ+,||, we can maximize θ+ by
maximizing uπ+,⊥ and minimizing uπ+,||. With θ′ ≤ π/2, this is done by simply making u′+,|| = 0:
then u+,|| takes on its minimum value, VK . This occurs at θ′ = π/2. We then have

tan θ+ =
1

γK

u′π
VK

= tan θ−

Numerically, we have γ′π = 1.783 and γK = 3.5256 from the previous pages (γ′π was stated without
the ′ there), so u′π = 0.8279 and VK = 0.9589. We thus obtain tan θ± = 0.2449 or θ± = 13.76◦. So
the opening angle of the vee is θ+ + θ− = 27.5◦.
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Problem 5

For this problem, since one assumes the speed of light is fixed relative to the ether, it is simplest
to calculate all the travel times in the ether frame. That is, we find the positions of the various
emission, absorption, and reflection events in the ether frame and use the fixed speed of light in
that frame to calculate the times.

(a) In the ”ether” frame,

the time tm1 for the trip from the mirror to M1 is given by

ctm1 = l1 − vtm1

where we subtract vtm1 from l1 because M1 moves up by this amount during the travel time
(because the interferometer is moving in the ether frame). So we obtain

tm1 =
1
c

l1
1 + β

Similary, the time t1m for the trip from M1 to the mirror is given by

ct1m = (v(tm1 + t1m) + l1)− (vtm1)

where v(tm1 + t1m) + l1 is the position of the half-silvered mirror (it is at l1 at t = 0 but
we must account for its motion) and vtm1 is the position of M1 at the instant that the light
reflects off M1 to go back to the half-silvered mirror. The vtm1 terms cancel, giving

t1m =
1
c

l1
1− β

tm2 for the trip from the mirror to M2 is given by

ctm2 =
√

l22 + (vtm2)2

where the path length on the right side is the hypotenuse of a triangle whose sides are l2,
the horizontal distance the light beam must travel, and vtm2, the vertical distance the beam
must travel due to the motion of M2. Solving for tm2:

tm2 =
l2

c
√

1− β2

The time t2m for the trip from M2 to the mirror is given by the hypotenuse of the triangle
formed from the horizontal distance l2 again and the vertical distance given by the distance
that the half-silvered mirror moves during the travel time t2m:

ct2m =
√

l22 + (vt2m)2

t2m =
l2

c
√

1− β2

So we have

t1 = tm1 + t1m =
2l1
c

1
1− β2

t2 = tm2 + t2m =
2l2
c

1√
1− β2

∆t =
2l1
c

1
1− β2

− 2l2
c

1√
1− β2
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After the apparatus has been rotated 90◦, one has

∆t′ =
2l1
c

1√
1− β2

− 2l2
c

1
1− β2

So

c
(
∆t′ −∆t

)
= 2 (l1 + l2)

(
1√

1− β2
− 1

1− β2

)

≈ 2 (l1 + l2)
(

1 +
β2

2
− 1− β2

)
= − (l1 + l2) β2

(c) With the Lorentz-Fitzgerald hypothesis, t2 won’t change because the length l2 is perpendicular
to the motion and the distances the mirrors move vtm2 and vt2m are measured in the ether
rest frame. Similarly, vtm1 and vt1m don’t change, but l1 appears contracted according to
L-F, giving

t1 =
2l01
c

√
1− β2

1− β2
=

2l01
c

1√
1− β2

So

∆t =
(

2l01
c
− 2l02

c

)
1√

1− β2

∆t′ =
(

2l01
c
− 2l02

c

)
1√

1− β2
= ∆t

(d) We see from part (c) that

c∆t = 2
(
l01 − l02

) 1√
1− β2
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15



16



Problem 7

To be provided shortly.
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