Physics 106a/196a — Problem Set 6 — Due Nov 17, 2006
Solutions

Andrey Rodionov, Peng Wang

Version 3: December 4, 2006

Version 2: Corrected solution to 3(b)(iii).
Version 3: Corrected missing exponents on 4th page of solution to 3.

Problem 1
(a) The Hamiltonian is
2
p
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and has constant value E. Therefore, we may find p = p(F):
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from which we see the particle oscillates between 0 and L. The action variable is thus
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On the other hand, the velocity of the particle with the kinetic energy FE is given by
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So the period of the motion is
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(b) The momentum of the particle is
p=vV2mE
During one period, At = \/2%, we have
(F) At =2p
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At 2L
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Adiabatic invariance implies [ is constant to first order even as L varies. So Eq. (1) implies
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Eq. (2) gives us
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since V = L3 and E o« T for ideal gas then we have

T V% = constant

which are the ideal monatomic gas adiabatic relation TV =constant.



Problem 2

(a) The solution to the EOM

. mw - . .y
mq + ——q + mw?q = Fye'®0e't

Q

takes the form
q(t) = gp(t) + qn(t)

where

¢p(t) = Re
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is the steady-state term and

qn(t) = exp <;Ct2> [A1 coswt + A sin wt]

= Re [A exp <—;Qt> exp (iwt + Z‘Z))}

is the transient term. If there is no transient term, on has A; = As = 0 and then obtains
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in order that there be no transient term.




(b) If zp = 0 and vp = 0, we then have

qn(0) = Re {Aexp[i (wt + @)}
= _QP(O)

= Re
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So the amplitude and phase are
A= F02 1
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Note: Factors of ) corrected to 92 in expressions for A\, and N, in handwritten page 4.
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Note: New solution to 3(b)(iii), 2006/12/03.
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Problem 5

For a conservative system, the Hamiltonian H (g;,p;) is independent of t. Consider a canonical
transformation in which the new coordinates are 7; (cy), independent functions of «ay, where oy
are constants of the motion and, in particular, o is the constant of motion, H. If the generating
function for this transformation be denoted by W (p, @), then the equations of the transformation
are

oW oW oW

9" p__ - _
& op;” 0Q; 0v;

The condition now determining W (p,v; (ay)) is that H shall be equal to ag for the conservative
system

ow

——=H iy Pi) =
5 (¢i,pi) = a1

= H <—6Wapi> =
Opi

where we use the fact W is independent of ¢t and «; is a function of new coordinates are «;. The
equations of motion are

H (qi,pi) +

: 0H 0H
Pi=- =T T T = P = vt + 5
00Q; D7 ;i (k) vit + 3
: 0H
The equations
OW (p, i
Vi
can be "turned inside out” to furnish p; in terms of o, 5 and ¢ :
Pi =Dpi (Oé,ﬁ,t) (3)

After the differentiation in

“=- Opi
has been performed, Eq. (3) may be substituted for the p’s, thus giving ¢; as functions of «, § and
t:
qi = q; (057/8775)

We can use
oW (p,v; (o))

ilt=0 = — ;
to express «; or ; (o) in terms of the initial conditions ¢;|;—¢ and p;|¢—o. The constants /3; can be

obtained from the initial conditions by

li=o

ow EA)
P =v(yw)t+ 6 = —Who
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