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Version 3: December 4, 2006

Version 2: Corrected solution to 3(b)(iii).
Version 3: Corrected missing exponents on 4th page of solution to 3.

Problem 1

(a) The Hamiltonian is

H =
p2

2m
≡ E

and has constant value E. Therefore, we may find p = p(E):

p =
√

2mE

from which we see the particle oscillates between 0 and L. The action variable is thus

I =
1
2π

∮
pdx

=
1
2π

2
∫ L

0

√
2mEdx

=
L

π

√
2mE (1)

⇒ E =
π2I2

2mL2

The oscillation period is

T = 2π
(
∂E

∂I

)−1

= 2π
mL2

π2I

=
2mL2

L
√

2mE

=
2L√

2E
m

On the other hand, the velocity of the particle with the kinetic energy E is given by

v =

√
2E
m
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So the period of the motion is

T =
2L√

2E
m

(b) The momentum of the particle is
p =

√
2mE

During one period, ∆t = 2Lq
2E
m

, we have

〈F 〉∆t = 2p

〈F 〉 =
2p
∆t

=
2
√

2mE
2Lq
2E
m

=
2E
L

Adiabatic invariance implies I is constant to first order even as L varies. So Eq. (1) implies

0 =
dI

dt
=

d

dt

(
L

π

√
2mE

)
⇒

√
E
dL

dt
+

L

2
√
E

dE

dt
= 0

⇒ dE

dt
= −2E

L

dL

dt
(2)

and

d 〈F 〉
dt

=
d

dt

(
2E
L

)
=

2
L

dE

dt
− 2E
L2

dL

dt

= −6E
L2

dL

dt
=

3
L

dE

dt

Eq. (2) gives us

dE

dt
= −2E

L

dL

dt
⇒ d (lnE + 2 lnL)

dt
= 0 ⇒ EL2 = constant

since V = L3 and E ∝ T for ideal gas then we have

TV
2
3 = constant

which are the ideal monatomic gas adiabatic relation TV
2
3 =constant.
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Problem 2

(a) The solution to the EOM
m

··
q +

mω

Q

·
q +mω2q = F0e

iφ0eiω
′t

takes the form
q(t) = qp(t) + qh(t)

where

qp(t) = Re

[
F0e

iφ0eiω
′t

mω2 −mω′2 + imωω′

Q

]
is the steady-state term and

qh(t) = exp
(
− ωt

2Q

)
[A1 cosωt+A2 sinωt]

= Re
[
A exp

(
− ωt

2Q

)
exp (iωt+ iφ)

]
is the transient term. If there is no transient term, on has A1 = A2 = 0 and then obtains

q(t) = Re

[
F0e

i(ω′t+φ0)

mω2 −mω′2 + imωω′

Q

]

=
F0

mω2
Re

[
ei(ω

′t+φ0)

1− ω′2

ω2 + iω′

Qω

]

=
F0

mω2
Re

 1− ω′2

ω2 − iω′

Qω(
1− ω′2

ω2

)2
+
(
ω′

Qω

)2

(
cos
(
ω′t+ φ0

)
+ i sin

(
ω′t+ φ0

))
=

F0

mω2

[(
1− ω′2

ω2

)2
+
(
ω′

Qω

)2
] (cos

(
ω′t+ φ0

)(
1− ω′2

ω2

)
+ sin

(
ω′t+ φ0

) ω′

Qω

)

So we have

x0 = q(0) =
F0

mω2
Re

[
eiφ0

1− ω′2

ω2 + iω′

Qω

]

=
F0

[
cosφ0

(
1− ω′2

ω2

)
+ sinφ0

ω′

Qω

]
mω2

[(
1− ω′2

ω2

)2
+
(
ω′

Qω

)2
]

v0 =
·
q(0) =

F0ω
′

mω2
Re

[
ieiφ0

1− ω′2

ω2 + iω′

Qω

]

=
F0ω

′
[
− sinφ0

(
1− ω′2

ω2

)
+ cosφ0

ω′

Qω

]
mω2

[(
1− ω′2

ω2

)2
+
(
ω′

Qω

)2
]

in order that there be no transient term.
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(b) If x0 = 0 and v0 = 0, we then have

qh(0) = Re {A exp [i (ωt+ φ)]}
= −qp(0)

= Re

[
F0e

i(φ0+π)

mω2 −mω′2 + imωω′

Q

]

=
F0

mω2
Re

[
ei(φ0+π)

1− ω′2

ω2 + iω′

Qω

]

=
F0

mω2

1√(
1− ω′2

ω2

)2
+
(
ω′

Qω

)2
Re[ei(φ0+π+ψ)]

where

tanψ = −
1− ω′2

ω2

ω′

Qω

So the amplitude and phase are

A =
F0

mω2

1√(
1− ω′2

ω2

)2
+
(
ω′

Qω

)2

φ = φ0 + π + ψ

= φ0 + π − arctan

(
1− ω′2

ω2

ω′

Qω

)
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Note: Factors of Ω corrected to Ω2 in expressions for λr and Nr in handwritten page 4.
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Note: New solution to 3(b)(iii), 2006/12/03.
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Problem 5

For a conservative system, the Hamiltonian H (qi, pi) is independent of t. Consider a canonical
transformation in which the new coordinates are γi (αk) , independent functions of αk, where αk
are constants of the motion and, in particular, α1 is the constant of motion, H. If the generating
function for this transformation be denoted by W (p,Q) , then the equations of the transformation
are

qi = −∂W
∂pi

, Pi = −∂W
∂Qi

= −∂W
∂γi

The condition now determining W (p, γi (αk)) is that H shall be equal to α1 for the conservative
system

H (qi, pi) +
∂W

∂t
= H (qi, pi) = α1

⇒ H

(
−∂W
∂pi

, pi

)
= α1

where we use the fact W is independent of t and α1 is a function of new coordinates are γi. The
equations of motion are

·
P i = − ∂H

∂Qi
= −∂H

∂γi
= −vi (γk) ⇒ Pi = vit+ βi

·
Qi =

∂H

∂Pi
= 0 Qi = γi

The equations

Pi = vi (γk) t+ βi = −∂W (p, γi (αk))
∂γi

can be ”turned inside out” to furnish pi in terms of α, β and t :

pi = pi (α, β, t) (3)

After the differentiation in
qi = −∂W (p, γi (αk))

∂pi

has been performed, Eq. (3) may be substituted for the p′s, thus giving qi as functions of α, β and
t :

qi = qi (α, β, t)

We can use
qi|t=0 = −∂W (p, γi (αk))

∂pi
|t=0

to express αi or γi (αk) in terms of the initial conditions qi|t=0 and pi|t=0. The constants βi can be
obtained from the initial conditions by

Pi = vi (γk) t+ βi = −∂W (p, γi (αk))
∂γi

|t=0
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