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FEzercise 1

The largest electric field that can be maintained in air is about 3 MV/m. Larger fields result
in a discharge (socalled corona discharge). In the lectures, we have shown that a metal sphere
will have all its net charge on the surface. We have also shown that the electric field at the
surface is E = 0/g¢, where o is the surface charge density.

a) What is then the maximum surface charge density that a metal surface can maintain without
resulting in a discharge?

b) What is the minimum radius of a metal sphere if it is supposed to maintain a charge 1C?
[Correct answer is either 25 nm, 1.5 mm, 6.6 cm, 54 m or 2.3 km]

¢) A typical metal consists of atoms arranged in a crystal structure, with a nearest neighbour
distance of about 0.3 nm. What is then the number of surface atoms pr m?? You may assume
that the surface atoms are arranged in a regular quadratic lattice. [Extra: Will your answer be
the same if the surface atoms are arranged in a regular triangular lattice?]

d) The surface charge in @) is located on the metal described in ¢). Assuming all the net charge
is distributed only in the outermost atomic layer at the surface, how big fraction of the atoms
in this layer has got an extra electron?

[Correct answer is either 3.3-107°, 1.5-107°, 4.3 - 102 or 0.17]

Ezercise 2 (~ exercise 3, exam 15. August 2003)

An electric dipole consists of two point charges ¢ and —g with a (fixed) distance a between
them. The dipole is placed in a homogeneous “external” electrostatic field E = Ez. Assume
that the dipole is located in the zy plane, and in such a way that the vector a from —gq to
q, and therefore also the dipole moment p = qa, makes an angle § with E. The angle 6 is
measured counterclockwise from the x axis, as shown in the figure.

A

a) What is the total force (from the external field E) on the dipole?



b) From the mechanics course, we remember that the torque 7 around a given axis is defined
as T =y ; r; X F;, where r; is the “arm” from the axis to the position where the force F'; acts.
(You will find some information about the cross product at the end of this exercise.)

Show that for the electric dipole in the homogeneous field, the torque around the axis that is
perpendicular to the plane containing p and E, and going through the center of the dipole, is

T=pXE=—FE Xxp=—pFEsinf 2

¢) Finally, you are supposed to find an expression for the potential energy U(6) of the electric
dipole described above. Sketch U(€). Which orientation of the dipole (relative to E) represents
a stable equilibrium?

Some helpful information concerning c):
Let us for simplicity stay within the zy plane only. A force F = F, 2+ F, §j=F, 7+ F, &
acting in a position r» = rcosa Z + rsina g then yields a torque 7 = r X F' around the z axis:
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Further, we know that the force F' may be derived from the potential energy U using the

gradient operator: F' = —VU. In polar coordinates (r, ), we have
0 10
V=¢f—4+a-—
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With this information, one can show that
oU
T=——
oa’
and hence
dU = —7 da

since U does not depend on 7 in our case. (We have a fixed value 7 = a/2 for the dipole.)

Comments: An electric insulator, i.e., a dielectric, typically consists of molecules with zero net
charge. However, the internal charge distribution (i.e., the positions of the atomic nuclei and
the electrons) may be such that the molecule has a nonzero dipole moment. Put another way:
The ”center of charge” for the positive charges of the molecule (i.e., the atomic nuclei) is not
in the same position as the center of charge for the negative charges of the molecule (i.e., the
electrons). Such polar molecules may be described in terms of simple electric dipoles, like the

one we have discussed above. (Well, actually they are electric dipoles.) An example: Water,
H50.



Since oxygen is more electronegative than hydrogen (i.e., it “wants” an extra electron more
than hydrogen does), the electron distribution will be somewhat distorted in the direction of
the oxygen atom within a water molecule. This means that close to the O atom, we have a
small net negative charge, e.g. —24. Since the molecule is overall electrically neutral (and given
the symmetry of the water molecule), there must be a small positive net charge +4 near each
H atom.

A dielectric may also consist of atoms or molecules without such a polar charge distribution,
i.e., with zero (permanent) electric dipole moment. However, if such a material is placed in an
external electric field, the electrons and the nuclei will be pulled in separate directions, resulting
in an wnduced electric dipole moment p, 4 directed along E. The magnitude of such induced
dipole moments is typically small compared to permanent dipole moments, like the one we have
in water. However, qualitatively the behaviour will be the same.

Therefore: If you have understood this exercise, you have essentially understood how a dielectric
behaves in an external electric field.

The cross product between two vectors

The cross product between two vectors is a third vector with direction perpendicular to both,
and with a magnitude given by the product of the magnitudes of the two, multiplied with the
sine of the angle between them.

The sign of the angle between the two vectors is chosen to be positive when we go from the first
vector towards the second one. This sign convention corresponds to the well-known (?) right
hand rule:

c=axb c=|cEab sn ©

Let the four fingers (not the thumb) of your right hand point along the first vector. Next, bend
them until they point along the second vector. (We bend the fingers in the direction which
yields an angle smaller than 180 degrees.) The thumb now points in the direction of the cross
product. Thus:

c=axb

has absolute value
c=le|=lal|-|b]-sinf=a-b-sinf



Example 1: @ =102 and b = 5y yields

c=axb=50z
Example 2: @ =59y and b = 10z yields

c=axb=-50z2
From these examples, we notice that

bxa=-axb
Example 3: a =22 — 3y and b =52 + 2 yields

c=axb=2-22+3-52=192

In these examples, we have used

zxz = 0
yxy =0
TXYy = 2
U Xz —Z

FEzercise 8

The figure below shows a cross section through the center of a metal sphere with a spherical
cavity inside. (The cavity is not concentric with the metal sphere.) Inside the cavity, there is
a positive point charge ¢ (located in the cross section that goes through the center of the two
spheres, but not located in the center of the cavity). The metal sphere is otherwise electrically
neutral so that the net charge of the whole system is ¢. The point charge is fixed in the given
position.

What can you then say about the distribution of (free) charge in the metal sphere, given that
we have electrostatic (equilibrium) conditions? [Hint 1: What is the electric field inside the
metal? Hint 2: Use Gauss’ law to support your arguments.]

Sketch field lines for the electric field E.

Are you able to figure out what E looks like outside the sphere? [The solution is simple.
However, the explanation behind the answer is perhaps not so simple?]



