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NOTES AND DISCUSSIONS

Avoiding a trap in degenerate perturbation theory
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The plane rotator described by the Hamiltonian

H05
Lz

2

2I
~1!

with the perturbation

H85pe cos~f! ~2!

often is used as an example of perturbation theory1–3 in an
undergraduate quantum mechanics course. In Eq.~2!, p is the
electric dipole moment of the rotator ande is the applied
electric field. Except for the ground state, all other states
twofold degenerate. It was pointed out many years ago
non-degenerate perturbation theory gives the second-o
energy correction as4

En
~2!5 (

kÞn

u^nuH8uk&u2

En
~0!2Ek

0
5

I

\2

p2e2

~4n221!
~3!

for all n, n50,61,62,... . The answer given in Eq.~3! hap-
pens to be correct fornÞ1. Although the second-order pe
turbation matrix is already diagonal~and the two diagona
elements are equal! for the higher excited states, the pertu
bation matrix for the first excited statesn561 is not diag-
onal. The correct solution for the case ofn561 was given
in Ref. 5 as

E~2!5
5Ip2e2

6\2
, 2

Ip2e2

6\2
. ~4!

Nevertheless, the incorrect treatment appears to h
persisted.6,7

For the plane rotator, the first-order correction vanish
Therefore, the matrix element of interest arises in seco
order degenerate perturbation theory. In many undergrad
quantum mechanics courses, there is no time to disc
second-order degenerate perturbation theory thoroughly
this note we propose a simple example in which the abo
mentioned subtlety emerges in first order. This example
help clarify the concept of degenerate perturbation theory
students in beginning quantum mechanics courses.

Consider the Hamiltonian

H5H01H8, ~5!

H05aL21bLz
2, ~6!

H85cLy
2, ~7!

with c!a, b. The unperturbed energy levels are

Elm
~0!5al~ l 11!\21bm2\2, ~8!
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where the quantum numbersl 50,1,2,... andm50,61,
62,...,6 l . The unperturbed wave functions are the spheri
harmonicsYlm(u,f)5^ r̂ u l ,m&. Except for the statesu l ,0&,
all other states are twofold degenerate. For the statesu l ,0&,
first-order non-degenerate perturbation theory gives

El0
~1!5^ l ,0ucLy

2u l ,0&5
c

2
l ~ l 11!\2. ~9!

Equation~9! can be readily obtained by using the identity

Ly
25 1

4~2L222Lz
22L1

2 2L2
2 !, ~10!

where L1 and L2 are the usual raising and lowerin
operators.8

For each degenerate pair of statesu l ,m& and u l ,2m&, we
should construct the 232 matrix with elements
^ l ,m8ucLy

2u l ,m9& and diagonalize the matrix to obtain th
first-order correction to the energy levels. These matrix e
ments can be easily calculated with the aid of Eq.~10! to
give the diagonal elements

^ l ,m8ucLy
2u l ,m8&5

c

2
@ l ~ l 11!2m82#\2, ~11!

and the off-diagonal elements

^ l ,m8ucLy
2u l ,m9&50 ~12!

unless

m95m862. ~13!

Becausem952m8 in a given degenerate subspace, the c
dition in Eq. ~13! is satisfied only form8561. Thus, if this
point is ignored, we may again be tempted to say that
first-order energy correction for all states is given by E
~11!, which has the look of non-degenerate perturbat
theory. However, form561, the non-vanishing off-diagona
matrix elements are

^ l ,1ucLy
2u l ,21&5^ l ,21ucLy

2u l ,1&52
c

4
l ~ l 11!\2 ~14!

and together with the diagonal elements given by Eq.~11!
with m8561, a diagonalization of the matrix yields th
first-order energy correction to the statesu l ,61& as

c

4
@3l ~ l 11!22#\2, ~15!

and
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4
@ l ~ l 11!22#\2. ~16!

That is, theu l ,61& states split in first order. For compariso
for the plane rotator, them561 states split in second orde

In Ref. 4, group theory was used to show that in fact
degenerate levels of the plane rotator split when the per
bation is applied. The same splitting also occurs here,
can be seen in an elementary way. In second-order dege
ate perturbation theory, the off-diagonal element involves
factor ^ l ,m8uLy

2u l ,k&^ l ,kuLy
2u l ,m9&, wherek is an intermedi-

ate state outside the given degenerate subspace. Thus, f
second excited states specified bym8, m9562, the interme-
diate statek50 will give a non-zero contribution, and there
fore splitting will occur in this order. Similarly, them563
pair will split in third order when a product of three matr
elements is involved; the statem513 can be connected t
the statem523 via three steps, each involving a change
two units in this quantum number. This line of reasoning c
be used to see that the degeneracy will be split for allm.

We hope our simple example will be of value for stude
when they first encounter degenerate perturbation theory
be helpful as a reminder of a common trap.
Heisenberg indeterminacy and the fine str
Donald Bedforda) and Peter Krummb)

School of Physics, University of Natal, Durban 4041, So
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Two elementary connections are drawn between
electrons and the maximum number of protons in a
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the Heisenberg relations for photons and for
nucleus that will permit a stable electron orbital.
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I. INTRODUCTION

The fine structure constanta, which in its role as coupling
constant determines the amplitude for an electron to em
absorb a photon is, according to R. P. Feynman, ‘‘a ma
number that comes to us with no understanding by man
We know what kind of a dance to do experimentally to me
sure this number very accurately, but we don’t know wh
kind of dance to do on the computer to make this num
come out, without putting it in secretly!’’1

It is remarkable, Feynman notwithstanding, that the
verse of this constant,Z51/a'137, which sets an uppe
limit to the number of protons in the nuclei of stable atom
can be arrived at in two different, but very simple, ‘‘dance
with Heisenberg, as we shall show in Secs. III and IV.

II. BACKGROUND

It is well but apparently not widely known2 that the largest
possible nucleus that can have a single electron bound
hasZ5137. This limitation onZ follows directly from the
exact energy level solution to the Dirac equation with a C
lomb potential:3

E5mc2S 11
Z2a2

$n81Ak22Z2a2%2D 21/2

, ~1!
or
ic
. .
-
t
r

-

,
’

ate

-

whereZe is the charge on the nucleus,a is the fine structure
constant (a5e2/4pe0\c), m is the electron/nucleus reduce
mass, andn8, k are integers, withn8>0 andk>1. For the
minimum value ofk, Z<1/a5137.035 97 for the square roo
in Eq. ~1! to be real.

It is of historical interest that Sommerfeld first introduce
the fine structure constant in his relativistic treatment of
liptical Bohr orbits in 1916 and obtained a corre
approximation3 to Eq. ~1!,

E5mc2S 11
Z2a2

2n2 S 11
Z2a2

n2 Fn

k
23/4G1¯ D D , ~2!

where n5n81k. This expansion will converge only ifZ
<1/a.

There is no obvious connection between this constrain
atomic structure and the Heisenberg uncertainty relatio
However, consider the following two elementary treatme
of the interaction of an electron with a nucleus containingZ
protons.

III. HEISENBERG AND PHOTONS

If the electron and the nucleus are separated by a dista
r, then the Heisenberg energy/time uncertainty relation
lows for an exchange of virtual photons between them. T
maximum allowed virtual photon energy is
969© 2004 American Association of Physics Teachers
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E5\/t5\c/r , ~3!

becauset5r /c is the time of flight. Equation~3! reflects the
fact that there is an indeterminacy associated with
vacuum state. Energy conservation can be ‘‘violated’’ fo
short timet so long as the ‘‘violation’’E is not greater than
\/t. Whether we imagine this energy to take the form of o
photon of energyE and momentump5E/c5\/r , or n pho-
tons each of energyE/n and momentump5\/nr, the mo-
mentum transfer per second and hence the force betwee
electron and the nucleus is

F5p/t5\c/r 2. ~4!

Alternatively,F5udE/dru gives the same result.4 This force
represents the maximum that can be mediated by virtual p
tons, corresponding to the Coulomb force

F5~1/4pe0!Ze2/r 2. ~5!

If we equate Eqs.~4! and ~5!, we obtain

Z54pe0\c/e2, ~6!

the reciprocal of the fine structure constant. Thus, the lar
number of protons allowed for a nucleus to admit a sta
electron orbit is 137.

IV. HEISENBERG AND ELECTRONS

Alternatively, consider an electron with relativistic ma
m, in a circular orbit around a nucleus of chargeZe. We
have, for the centripetal force,
Comment on ‘‘Apparatus to measure relat
by John W. Luetzelschwab †Am. J. Phys

Gordon J. Aubrecht IIa)

Department of Physics, The Ohio State University, Mari
and Columbus, Ohio 43210-1106
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4pe0

Ze2

r 2
. ~7!

The Heisenberg momentum/position uncertainty of such
electron is justmyr 5\, because the momentum uncertain
is 'my and the position uncertainty is'r . The relativistic
limiting value fory is c, and so the limiting value forZ from
Eq. ~7! is 137, as before.

Part of the beauty of physics is that we often can obt
the same result in what appear to be entirely different wa
The maximum value ofZ follows directly, if roughly, from
the Heisenberg relations and rigorously from the Dirac eq
tion, giving new insight into the meaning of the fine structu
constant.

a!Electronic mail: don@tangentprojects.co.za
b!Electronic mail: krumm@nu.ac.za
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For a high energy physicist, it is disappointing to see
term ‘‘relativistic mass increase’’ in a journal article.1 The
mass~in the standard model! is a fundamental descriptor of
particle. As we have described,2 the problem arises becaus
of a lingering desire on the part of some physicists to p
serve the low-speed~low-energy! limit of the momentum,
p5mv, as the definition of momentum instead of using t
correct relation at all speeds,p5gmv, where g5@1
2b2#21/2 andb5v/c. Whenb is small,p'mv.

The four-dimensional invariant describing a particle is~es-
sentially! its mass:pmpm5m2c4. This relation is frame-
independent. The use of the term ‘‘relativistic mass increa
implies that mass is a frame-dependent quantity, and ac
tance of this proposition involves leaving behind the gr
tradition of generations of physicists since the pioneer
work of Emmy Noether—exploiting the connection betwe
universal symmetries and conservation laws.3 The connec-
tion between invariants such as mass and spin angular
e

-

’’
p-
t
g

o-

mentum and fundamental physics is reflected in the fra
independence of the various physical quantities.

In addition, the Eo¨tvös experiment and its successors ide
tify gravitational mass with inertial mass. The latter is t
massm, the same mass that determines the mass-energy
particle.

Some might argue that the correct expression for Newto
law of universal gravitation contains the relativistic ma
E/c2, not m as is usually written. However, the gravitation
field in general relativity arises through a particle’s energ
momentum tensor, not a scalar mass, and the gravitati
force forb near 1 does not point entirely in the radial dire
tion, as Okun has noted.4

In addition, I believe the author’s use of the antique un
the curie, hides fundamental physics from the reader. I
understand the description 370 000 disintegrations per
ond ~370 000 Bq! for the sample activity much better tha
the 10mCi quoted in Ref. 1. Although one can still purcha
samples in the United States designated in curies, I sug
970© 2004 American Association of Physics Teachers
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that the becquerel is much better for communicating am
physicists~especially because it is unusual for those of
who are not nuclear or health physicists to be able to iden
the amount of activity in the curie, that is, the activity in o
gram of radium!. I suggest future use of statements such
‘‘a 370 000 Bq~equivalent to 10mCi! source’’ to minimize
reader confusion.

Reference 1 describes a nice experiment to determine
the relativistic relationsp5gmv and E5gmc2 correctly
characterize particles with largeb. I wish it had been labeled
that way.
The longitudinal momentum of transverse
Allan Walstada)

Division of Natural Sciences, University of Pittsburgh at

~Received 20 October 2003; accepted 9 January 2!
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Several years ago in this journal, Rowland and Pask1 took
note of a confusion in the literature regarding the longitu
nal momentum carried by transverse traveling waves o
string. Through a combined numerical and analytical
proach, they reached~what I take to be! a convincing reso-
lution of the matter. Rowland and Pask accurately diagno
the source of error by several authors in an unfounded
sumption that the instantaneous velocity of an infinitesim
segment of string is always perpendicular to the segm
This is not the source of error, however, in the influential t
by Elmore and Heald,2 which is invariably cited by papers o
the subject and contains a frequently quoted incorrect
pression for momentum density. The purpose of this not
to identify the mistake, which is found in Chapter 1, Secti
11, pages 46–47 of the book, as well as to demonstrate
by correcting this mistake we arrive at the result of Rowla
and Pask.

In the notation of Elmore and Heald, the wave equation

]2h

]t2
5c2

]2h

]x2
, ~1!

where h(x,t) is the transverse displacement andc
5(t0 /l0)1/2 is the propagation velocity, witht0 the tension
andl0 the linear mass density. Their treatment of longitu
nal momentum starts with an expression for the longitudi
component of force density due to string curvature:

2t0

]2h

]x2

]h

]x
5l0

]2j

]t2
~2!

with j(x,t) the longitudinal displacement of the string resu
ing from the transverse wave.3 Then, in their own words,
‘‘we integrate with respect to time fromt0 , a time when no
wave is present on the string, to an arbitrary later timet and
with respect tox over a finite string segment lying betwee
x1 andx2 . The result should be the momentumGx acquired
by the string segment as the result of transverse wave
tion.’’ These integrations lead to the following:
-
a
-

d
s-
l
t.
t

x-
is

at
d

s

-
l

o-

Gx52l0E
x1

x2 ]h

]x

]h

]t
dx1E

t0

t

@K1~x2 ,t !2K1~x1 ,t !#dt,

~3!

whereK15dK/dx5 1
2l0(dh/dt)2 is the kinetic energy den

sity due to transverse motion of the string.
According to Elmore and Heald, ‘‘@Eq. ~3!# for the mo-

mentumGx has the following interpretation: the second i
tegral on the right clearly represents momentum delivered
the string segment by impulses at the two boundaries ax1

andx2 . If these boundaries are very remote, so that a w
disturbance initiated on the string segment has not yet
time to reach them, this integral vanishes. We are thus
with the first integral, whose form suggests that the quan

gx~x,t ![2l0

]h

]t

]h

]x
~4!

may be interpreted as a localized momentum density in thx
direction associated with a transverse wave.’’

Here is the problem: the initiation of wave motion on
previously quiescent segment of string requires either th
wave propagates onto that segment from elsewhere on
string, or that external forces—other than the forces ass
ated with wave propagation itself—are imposed from outs
the system. The first alternative directly violates the autho
assumption that both ends of the string remain undistur
during the integration time. The second alternative adm
forces not described by the expression being integrated.

Let us adopt the first alternative, allowing for the wave
propagate onto the string segment atx1 . Then we have

E
t0

t

K1~x1 ,t !dt5
1

2
l0E

t0

t S ]h

]t D 2

dt

5
1

2
l0E

t0

t ]h

]t

]h

]t
dt

52
1

2
l0E

x1

x2 ]h

]t

]h

]x
dx, ~5!
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the last equality holding by virtue of (]y/]t)dt
52(]y/]x)dx for the traveling wave, which permits us t
convert the time integral to an integral overx at time t
~whereas the time integrals were carried out atx5x1). This
integral, inserted into Eq.~3!, just cancels half the first inte
gral on the right-hand side of the equation, leaving the re

Gx52
1

2
l0E

x1

x2 ]h

]t

]h

]x
dx, ~6!

which leads to identification of

gx52
1

2
l0

]h

]t

]h

]x
~7!

as the momentum density. This is the result obtained
Rowland and Pask, under the usual conditions pertainin
transverse waves on a string.
Impedance between adjacent nodes of in
resistive lattices
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Infinite resistive network problems have served as ex
lent vehicles for helping electrical engineering and phys
students recognize and appreciate the power of superpos
and symmetry in the analysis of electrical networks. Th
problems have been studied extensively using superpos
and symmetry.1–10 A special case of this class of problem
involves the calculation of the effective resistance betw
two adjacent nodes of an infinite uniform two-dimension
~2D! resistive lattice~periodic in both dimensions with a
zero-potential boundary condition at infinity! comprised of
identical resistors each of valueR. In particular, the effective
resistance between two adjacent nodes of the 2D Lieb
resistive mesh~the infinite 2D square resistive lattice! was
calculated by Aitchison1 and found to be (1/2)R. Bartis2 cal-
culated the resistance between adjacent nodes for three
infinite 2D resistive lattices, the triangular, Honeycomb, a
Kagomé lattices, and found the effective resistances to
(1/3)R, (2/3)R, and (1/2)R, respectively.

Fig. 1. Infinite 2D square resistive lattice.
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The goal of this paper is to extend the results of Refs
and 2 to the general problem of finding the total effecti
resistanceReff between two adjacent nodes of any infini
D-dimensional resistive lattice, whereD51, 2, 3,... and the
lattice is periodic and infinite in allD dimensions with a
zero-potential boundary condition at infinity. Our general s
lution for Reff is of pedagogical interest because it gener
izes the previous results of Refs. 1 and 2 to a simple
elegant equation that covers all adjacent-node infin
D-dimensional resistive networks and because it reinfor
the power of the superposition principle and symmetry
electrical circuit analysis.

For the purpose of illustration, consider the infinite 2
square resistive lattice shown in Fig. 1. The number of re
tors connected to each node is denoted byM (M54 in Fig.
1!. As in Refs. 1 and 2, we use superposition and symme
along with two test current sources each of valueI to calcu-
late the effective resistanceReff between two adjacent node
by injecting a test currentI into any single node on the
D-dimensional resistive lattice from the zero-potent
boundary at infinity and then extracting another identical t
currentI from an adjacent node connected to a current s
kept at zero potential. By using Kirchhoff’s current law an
symmetry, we find that each of theM resistors connected to
the original node will receiveI /M of the injected current.
Similarly, we find that each of theM resistors connected to
the adjacent node will receive2I /M of the extracted curren
in the opposite direction. Therefore, by superposition,
total resulting current flowing in the resistorR connecting the
two adjacent nodes will be 2I /M , which leads to a voltage
drop across the resistorR of V5(2I /M )R. Thus the effec-
tive resistance is
972© 2004 American Association of Physics Teachers
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Reff5V/I 52R/M . ~1!

Equation~1! is a new and remarkably simple, elegant, a
powerful result that applies to any infiniteD-dimensional
resistive lattice.

As an aside, we note that using symmetry, superposit
and a Laplacian analysis, the corresponding effective imp
ances for an infiniteD-dimensional purely inductive or ca
pacitive lattice can be determined in a similar way asLeff

52L/M andCeff5MC/2, respectively. These results are ne
and equally simple, elegant, and interesting~especiallyCeff
due to its different and nonintuitive dependence onM!.
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