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These notes repeat some central points from Lecture notes 2, and cover some new
stuff as well, namely measurements of degenerate eigenvalues, together with the
momentum representation of quantum mechanics.

Lecture notes 7
7. Introduction to FY2045/TFY4250

FY2045/TFY4250 Quantum mechanics I is a continuation of — and is built
on — FY1006/TFY4215 Introduction to quantum physics. 1t is therefore very
important to master the contents of the latter in order to be able to follow
the present course. This means that you will need to repeat on your own the
contents of the introductory course. The present notes are confined to a reminder
about the fundamental postulates, as formulated in Lecture notes 2. We go on to
cover some new stuff, namely how to formulate the measurement postulate when
measuring a degenerate eigenvalue. We then repeat the (Fourier) expansion of
the system wave function in terms of momentum eigenfunctions, showing that
the square of the coefficient function (the Fourier transform), |®(p,t)|?, is the
probability density in momentum space. This is used as an introduction to the
last subsection, in which we derive the momentum representation of quantum
mechanics, showing that ®(p,t) works as a wave function in momentum space.

7.1 Basic postulates (Hemmer 2.1, B&J, Lecture notes 2)

The basic postulates, as formulated in Lecture notes 2 were:

A. The operator postulate

To each physical observable quantity £’ there corresponds
in quantum-mechanical theory a linear operator F.

(T7.1)

B. The wave-function postulate

The state of a system is described, as completely as
possible, by the wave function ¥(g,,t). The time
development of the wave function (and hence of the

state) is determined by the Schrédinger equation,
(T7.2)
ov
h— = HV
ot ’

where H is the Hamiltonian of the system.
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C. Expectation-value postulate

When a large number of measurements of an obser-
able F' is made on a system which is prepared in a
state W(q1,qa, ", qn,t) (before each measurement),
the average F' of the measured values will approach
the theretical expectation value, which is postulated (T7.3)
to be

(FYy = /xp*ﬁqf dr,

where dr = dqidgs - - - dg, and where the integration
goes over the whole range of each of the variables.

D. Measurement postulate

(i) The only possible result of a precise measurement
of an observable F' is one of the eigenvalues f,, of the

corresponding linear operator F' .
.. . . (T7.4)
(ii) Immediately after the measurement of the eigen-
value f,, the system is in an eigenstate of F, namely,
the eigenstate 1), corresponding to the measured
eigenvalue f,.

7.2 Measurement of a degenerate eigenvalue

If the measured eigenvalue f, is non-degenerate, that is, if the eigenvalue equation

Fi, = f nUn
has only one solution 1, for the eigenvalue f,, it follows from (ii) above that the system is
left in this state 1, (immediately) after the measurement. This state is unique, apart from
an undetermined phase factor which has no physical significanse.

In the opposite case, when the eigenvalue f,, is degenerate with (degree of) degeneracy
Jn, the above eigenvalue equation has g, solutions ,; which we may enumerate with an
extra index i: R

Fippi = fobni s i=1,+,gn.
In this case we shall now see that point (ii) in the measurement postulate (stating that the
measurement leaves the system in an eigenstate corresponding to the measured eigenvalue)
must be formulated more precisely.

Let us suppose that the set f, of eigenvalues is discrete, and that the set

of eigenfunctions is orthonormalized. Since these eigenfunctions form a complete set (basis),
the state of the system prior to the measurement can be expanded in this set:

n =1
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By projecting ¥ onto v,
<¢m', ‘I’> = <¢m’ ) Z Z ijwkj > = Z Z ij5nk5ij = Cni,
E j kg
we find in the usual manner that the expansion coefficient is

Cni = (Ui, V) = /’g/):i\l/dT.

As in section 2.5.d of Lecture notes 2, we consider a series of measurements of the
observable F' on an ensemble which is prepared in the state ¥. According to the measurement
postulate, the theoretical expectation value of F' is

<F> :ZP’ﬂfna

where P, is the probability of measuring the eigenvalue f,,. At the same time it follows from
the expectation-value postulate that

uw@::/m*ﬁ%h:/@@ﬁwm
= /(}jg}wﬁww> Udr
no | i=1

n
Cni

Since the two formulae for the expectation value are valid for an arbitrary W, we can conclude
that the probability of measuring the eigenvalue f,, when the system is in the state (T7.5) is

an
=1

Note that the corresponding result in the non-degenerate case is given by (12.80) in Lecture
notes 2.

Before reformulating point (ii) in the measurement postulate (T7.4), we note that ¥
(equation (T7.5)) may be written as

an
n =1
Here, we also note that ¥,, — as the g,, contributions v,,; — has the eigenvalue f,,. We may
therefore call ¥, the part of ¥ which is “compatible with the eigenvalue f,,”. It turns out
that point (ii) in the measurement postulate must be formulated as follows:

Immediately after the measurement of the eigenvalue
fn the system is left in the (normalized) state

\Iln _ Zgilcmwnl
1ull I ==7 =]

(T7.7)
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(In this expression, the denominator is the norm of the numerator.) The moral is that
the part of the wave function ¥ before the measurement which is not compatible with the
measured eigenvalue f, “is removed” by the measurement. This is often called a “wave-
function collapse”. Note by the way that the above result for the probability P, is the
squared norm of W,,,

P, = Z |Cni|2 = ||\I'n||2
(so that >, P, =3, [|¥,|]*=1).

Example Let us as an example consider a three-dimensional isotropic harmonic oscillator,
with the orthonormalized eigenfunction set

U, () Un, (V). (2) = Ynunyn.
and the energy eigenvalues
hw(ng +ny +n, +3/2) = hw(N + 3/2).
Suppose that the oscillator is at time ¢ = 0 prepared in the state

U= m%oo + \/M(f/hoo + Yo10 + Yoo1) + \/0._1(%00 + 11o20) -

o S} Uy

Here, we observe that the squared norms of the three contributions to ¥ are
1ol =05, [[¥4]*=3-0.1, ||¥,y]>=2-0.1,

so that ||¥]|> = 1. Thus ¥ is normalized. Furthermore, ¥(, ¥; and ¥y have respectively
N = 0,1 and 2. Therefore, the possible measured values of the energy are FE, = %hw
(N=0), By = 5hw (N =1) and E; = Thw (N = 2). The respective probabilities are

Py = ||¥g|]> = 0.5, P,=03 and P,=0.2.

The corresponding normalized states immediately after the measurement are

\IJO \Ifl 1 \112 1 .
Nl — ol d = .
0o ]] Yoo » 10| \/g(wloo + Y010 + Yoo1) an ] \/5(%00 + ibo20)

In the next subsection we shall repeat the physical interpretation of the expansion co-
efficients in the continuous case, by taking as an example the expansion of ¥ in terms of
momentum eigenfunctions.

7.3 Physical interpretation in the continuous case

The physical interpretation of the expansion coefficients in the continuous case is described
in a very clear and concise way page 33-34 in Hemmer. (Sea also Griffiths page 106-107,
B&J page 208 and Lecture notes 2.)

With the continuous spectrum of momentum eigenfunctions

Yp(w) = (2mh) "2 Py () = pip(x),  p € (—00,00) (T7.8)
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as a basis, the expansion of an arbitrary quadratically integrable function becomes a Fourier
integral. For the time-dependent system wave function, we have for example

o)

W, t) = [ .t vy(e) dp. (T7.9)

—00

Since this function depends on time, so will also the Fourier transform ®(p, t):

O(p, 1) = (1, V(1)) = /_ O:O V¥ (2) U(a, 1) da. (T7.10)

In analogy with the previous section, we now assume that a series of measurements of the
momentum p, are made on an ensemble prepared in the state ¥. Since the measured values
are distributed continuously over the entire spectrum, we may then write the expectation
value on the form

()= [ Plat)pap,

where P(p,t)dp is the probability of finding p, in the interval [p,p + dp] and P(p,t) is the
probability density in “p-space”, at time £. On the other hand, we have from the expectation-
value postulate that

o)y = [ do W@ 0p Ve t) = [ do (1) )

= [ (5 [T e @) e,

Here we replace p,v,(x) with pi,(z) and change the order of the integrations:
(ehe = [ ap®*op ([ devi@) v

_ /_ cp*(p,t)pcb(p,t)dp:/ p|®(p,t)[*dp.

By comparing the two formulae for (p,) we see that the physical interpretation of the
“expansion coefficient” (the Fourier transform ®(p,t)) may be formulated as follows:

When the system is in the state U(z, t) before the measurement, the prob-
ability of measuring p, in the interval (p,p + dp) is

, (T7.11)
P(p)dp = [(p, 1) Pdp = [ (4, V) dp = | [ 03 (@)W (a0 dr] dp.

Thus the probability density in “p space” is the square of the Fourier transform ®(p,t). This
is analoguous to |¥(z,t)|? being the probability density in z space .

7.4 The momentum-space formulation of quantum me-
chanics***!

This “similarity” between the position-space and momentum-space probability densities is
not accidental. As explained in section 4.6 in Hemmer and in 3.9 in B&J, it is straightforward

1Sections marked with *** are not compulsory in FY1006/TFY4215.
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to obtain a formulation of the theory in which the Fourier transform ®(p,t) of ¥(z,t) plays
the role of a “wave function” in momentum space. This role is analogous to that played
by the ordinary wave function ¥(z,t) in the position-space formulation of quantum
mechanics, which we are now beginning to get used to, and which is most commonly used
on the introductory level.

In the new momentum-space formulation of quantum mechanics, we already
know how to obtain the expectation values of observables which depend only on p,, like e.g.
K = p2/2m. Since the probability density in momentum space is |®(p, t)|?, we have that

(Fp:))o = |

—00

e Py = [ 8% (0,0) Fp) ©(p,t) dp, (T7.12)
which is analogous to
(V(2))y = /_Z U* (2, 8) V(2) Uz, 1) do

in the position-space formulation. The “moral” is that in the momentum-space formulation,
the observable p, is represented by an operator which simply is (multiplication by) the
number p,

De = P. (T7.13)

This is analogous to Z = x in the position-space formulation.
What about the operators representing = and functions of x (like e.g. V(z)) in the new
formulation? To find the answer, we shall assume that the potential V' (x) can be expanded

in a Taylor series,
V(z) => vua”,

where the expansion coefficients are v,,. The expectation values of x and powers of x can
now be found starting with the old formulation, where the expectation value of z" is

(a") = /O:O‘I/*(x,t)m”\lf(x,t)dx:/oo(x"\Il)*\Ifd:E

—00

oo o0 *
= [Car (x"/ dpd(p, 1) wp(@) U(x, b).
Here we apply the identity

e/t (T7.14)

which means that

)
a>n (). (T7.15)
(

@y = [Cae( [T avan (22 ) v
AN <_Z§9>n/_°;dx *(2) W (x, 1)

= /_O:O dp ®*(p, t) (—ZL gp)n@(p, t). (T7.16)



FY1006/TFY4215 — Lecture notes 7 7

Comparing this expression with the general “sandwich” recipe for expectation values,
(Fle = / dp ®* (p,t) F @(p,1), (T7.17)

we can conclude that the observable 2" is represented in the momentum-space formulation

by the n'® power of the operator
h 0

rI=———. T7.18
=T (T7.18)
For a function of x like e.g. V(z) = > v,a™ we find that

(V(z))g Z/O:O dp & (p, t) [Zvn (—? ;9) ] D (p, ). (T7.19)

Thus the potential energy is in the new formulation represented by the operator

ho\" -
Z p|l—= | =V —E g .
- i Op 1 Op
This is called an operator function, and the Taylor expansion on the left shows exactly

what we mean by this. As an example, the harmonic-oscillator potential V(z) = fmw?a?

2
is in this formulation represented by the operator V = tmw?(—2 6%)2.

We have now learnt how to calculate expectation values of observables depending on =
and p, in the new formulation, from the “wave function” ®(p,¢). But can we be sure that
this function contains all possible information about the system, as is the case for ¥(x,t)
according to the wave-function postulate on page 17 The answer is yes: If we know the

function ®(p,t), then we also know W(z,t), via the Fourier integral

o0

o) = [ 0(p.0)y(a) dp,

—00

and vice versa, via the Fourier transform
O, t) = [ (@) Ua,t) da.

Thus the two functions contain the same information.

But isn’t W(x,t) still more special, since it satisfies a wave equation, the Schrodinger
equation? The answer is no: There exists a wave equation also for ®(p,t). We can find
this equation by taking the derivative ih(0/0t)®(p,t) as our starting point: Using the last
formula above, we find that

= [T ) [Bem 4 V) Bt de
hermitesk

- /O:o (lﬁi/Zm + Zn:vnx”] wp(a:)>* U(z,t) do
N /_O:o ([pQ/Qm + ;Un (h ’ )n] wp($)>* U(x,t) da.

i dp
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Here we have applied the identities

ﬁx%(ﬂﬁ) - p1/Jp($) and :L"g/Jp($) = (

In the last expression we can move the operator [ |*

does not depend on x. We then have

i Op

[ ~( h O
2 —_——
p/2m+V< iapﬂ

®(p,t) = HO(p, ).

" 8) Yp(T).

zﬁp

to the left of the integral, because it

—0o0

:p2/2m + Enjvn <—h a)"] /OO V¥ (2) (2, t) do

@(p,t)

(T7.20)

This must be called a success: ®(p,t) does satisfy a wave equation, and the form of this

equation allows us to call it a Schrodinger equation.

Thus we have two equivalent versions of quantum mechanics, the position-space for-
mulation and the momentum-space formulation. With the symbols z,y, z (or x;, i =
1,..,3) for the cartesian coordinates, the situation can be summarized by the following table,
where we see that both wave functions satisfy the Schrodinger equation, with a Hamiltonian

given by the general formula

Position-space Momentum-space
formulation formulation
Wave function U (z,y,z,t) O (ps, Py, P2, t)
h 0
Operator 7; x; -
i Ip;
h 0
Operator p; — Di
1 0x;
ov = 0>
Wave equation ih o= H(z;,p;)¥ ih i H(z;,p;)®

In Lecture Notes 10 we shall see that the momentum-space formulation of quantum
mechanics, as well as the original position-space formulation, are special cases of a more

general formulation.
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Example: Free particle

For a free particle (V' = 0) we see that the Schrodinger equation in the momentum-space
formulation looks like this:

oP(p,t)  p?

" _
! ot 2m

Here, 0/0t means differentiation with p kept fixed. Then it is easy to see that the time-
dependent wave function in momentum space becomes

D(p,t) = B(p,0) e W /2N, (T7.21)

Here, ¢(p,0) is the momentum-space wave function at ¢ =0, which we are allowed to
prepare arbitrarily, but we assume that it is normalized:

[ 10@m.0)Pdp=1.

From the solution (T7.21) we see that the probability density in momentum space becomes
time independent for the free particle,

[@(p, 1)[* = |o(p, 0)]?,

and this should not be surprising. The same should then be the case for all purely p-
dependent observables, like e.g.

(p) = /O:O *(p, t)p (p,t) dp = /O:O *(p,0) pP(p,0)dp = (p),_,.

(p?), Ap, etc. We can also find out how the expectation value of the position behaves: From
(T7.21) we have

(0, = [ (1) swnd

—00

_ (I)* 0 i(p?/2m)t/h BN 0) — @ 0)=-— | — i(p /Qm)t/hd
| .0 T, 200 — B 0) S o (<5 e p

= /OO ®*(p, 0) (—?;) ®(p,0) dp+;/o:o ®*(p,0) p®(p,0) dp

= (:L‘)t_o—i-(i)t.

Thus the expectation value (), is moving with constant velocity (p) /m, from (x),_, at
t = 0. This agrees with Newton’s first law.



