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Solution to Exercise 8

a) From the Biittiker-Landauer formula (first equation in the exercise), we have diagonal ele-
ments

2 2
Foa = % Z T,ﬁ’a
B#a

and off-diagonal elements

2¢?
Faﬁ — _TTaﬁ

From the symmetry relation T,3(B) = Ts,(—B), we have directly for the off-diagonal matrix
elements

Lap(B) = ga(—B).

Combination of the equilibrium condition and Onsager symmetry yields

> Tpa(B) = > Top(B) = 3 Tsa(—B),

B#a B B

and hence
b) We write out the equations (with V3 = 0):
2¢?
I = o Y TaVi— TiaVa — TiVi

£

2¢?
I, = — {Z ToVo — T Vi — T24V4}

h |52
2¢?
Iy = -1, = e {=T51 Vi — T35V — T34 V4 }
2¢?
I = === T Vi—TuVi — Tua Vs
h B#4

Pairwise summation of eqn 1 and 3, respectively eqn 2 and 4, yields

0 = (Tog +Tu)Vi — (Thg + T3) Vo — (Tha + T34) Vi
0 = —(To1 +Ti)Vi + (Tho + Ts2) Vo + (Tha + T34) Vi

which are identical equations. This shows that we had only 3, and not 4, independent equations
for the 3 voltages V1, Vs, and V (for given currents I; and I).
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Here, we need the currents in terms of the difference d = Vo —V,, whereas we are not interested
in the sum s = V5 + V. Therefore, we rewrite the last equation,

0 = —(Tor +Tu)Vi + (Tho + T32)(s +d) /2 + (Toa + T34) (s — d) /2
= —(Tor + Tu)Vi + (Thio + Tso + Tha + T34)5/2 + (Thg + T30 — Thg — T34)d/2

where we have used V3 = (s + d)/2 and V, = (s — d)/2. From this equation, we can express s
in terms of Vi, d, and Tip:

1
§ = = {2(To1 + Ty)Vi + (Thy + Ty — Tho — To)d},

with
T = Tlg + ng + T14 + T34.
Clearly, 7 will enter the elements of the matrix -, so let us study the symmetry properties of

7 first. We may write (using Y520 Tha = > g0 Tap)

T = ZTIQQ_T42+ZTﬁ4_T24

572 B4
= > Tog =T+ Y Tig—To
B#2 B#4

= Ty +Tog + Ty + Tus.

These two expressions for 7, together with Onsager symmetry (T,3(B) = T,(—B)), show that

What remains now is to write the equations for I; and I5 in terms of V1, s, and d, and eliminate
s with the expression found above.
We start with I;:

2e? s d
[1 = 7 Z Tﬁl% - 5 (T12 + T14) - 5 (T12 - T14)
1
_ 2762 {Z Ty — (To1 + Ty )(Tho + Tha) } V1
A1 ’
2e? T+ T3y —Tio— T 1
n N {_ 14 3427 12 32 (Tho + Tha) — §(T12 _ T14)} d

Hence, the (1, 1)—element is

2¢e?
Y11 = h— {T Z T,ﬁ’l - (Tgl + T41)(T12 + T14)} )
T A

and it is clear that
Y11(B) = y11(—B).



The first sum is symmetric in B, and the second term is a product of two sums, where a change
of sign in B turns one sum into the other, and vice versa.
The (1, 2)-element is

Y12

62

= T {(Thy + T34 — Tho — Tso) (Tho + T1a) + (Tha + Tsg + Tho + T3o) (Tha — T14) }

2
e
- {2 (Tha + T54) Tho — 2 (Tho + Ts2) Tha }

26
= - {T32T14 — T3,T0}

Similarly, for Is:

12:

{Z T3oVo — T Vi — T24V§1}
572

2¢? 1

—{ T12+T32+T42) 3 (s+d)—TuVy —Toy - (S—d)}

—T + (Tor + Tyy) (Tha + Tag + Tyo — T24)} Vi

N —

1
T12 + Ty + Tao — Toy) (Tha + Ty — Tho — Tia) + 5 (Tho + T + Tho + T24)} d

Hence, the (2, ) —element is (where we use the expression for 7 found earlier)

2
e
Y22 = e {(Thg + o + Typ — Tog) (Ths + T34 — Ty — T2) }
2
e
+ o {(Tho + Ty + Typ + Tog) (Tha + Tsa + Tio + T30) }

2
e
= —— {2 (Tha + T + Tao) (Thg + Ts4) + 2724 (Tho + T2) }

26
= I (Thg + Tog + Ts) (Tho + T32) + Tao (Thia + T34)}
2¢?
= T {7' Z Tpa + Tao (Tha + Tsa) — (Tha + Tsq) (Tha + Tog + T34)}
B#4
2¢?
= T T Z Ty — (Tuy + Ty3) (Tha + Ts4)
T\ pa

This expression will be unchanged if we invert the direction of the magnetic field, hence y92(B) =

Y22(—B).
Finally, the (2, 1)—element is

V21

26
= — { Toy (Thg + Tso + Ty + Ts4) + (Ton + Tu1) (Tho + Tao + Tyo — Toa) }

= ﬁ {—T21T14 — Ty Tsq + TonTyo — TonTog + T Tio + Tun To + Tun Tao — Tun Tou }

2e?
= .. :—{T23T41 Tu3Ton }



Now, since T,3(B) = Tso(—B), and 7(B) = 7(—B), we see that

Y12(B) = v21(=B).

In conclusion, the 2 x 2 matrix « has the property

¢) The condition I, = 0 yields

Vi=—22 (V- V),
Y21
and
I = <—”Y11E + 712) (Vo —Va),
V21
ie.,

Y21
Y1122 — Y12721

Ri304 = —

Similarly, the condition /; = 0 yields

Vo Vi = -2,

Y12

and
Iy = <V21 — EV%) Wi,
Y12

ie.,
Y12

Y1122 — 712721‘
Since y12(—B) = v91(B), we see immediately that

Roy 13 = —

Ry324(B) = Roq13(—B).

Note that these 4-point resistances may have both signs. This is nothing more strange than
the fact that Hall voltages may have both signs. Of course, the dissipation is always positive.



