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Abstract

This is the master thesis at the end of the Applied Physics and
Mahtematics program at the Norwegian University of Science and
Technology (NTNU). It has been carried out in cooperation with the
Norwebian Defense Research Establishement (FFI) in LillestrA m. FFI
have during the last several years been developing a simulation program for
semiconductor devices using the Monte Carlo method. This thesis has been
centered around creating a Poisson equation solver using the biconjugate
gradient stabilized (BiCGStab) method, an iterative krylov subspace
solution method. A working 2D BiCGStab solver for a uniform mesh grid,
and a non-uniform mesh has been written and implemented in the Monte
Carlo program, in addition to adaptive grid routines to distribute the
non-uniform mesh.

Defense Research Establishment (FFI) in LillestrA m, who
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Chapter 1

Introduction

As electronic and optoelectronic devices get increasingly advanced, it is im-
portant to understand their behaviour before starting production or expen-
sive prototyping tests. Whether it is a nuclear reactor or new and smaller
transistors, this often means studying the physical behaviour through com-
puter simulation. In this master thesis will will look at Monte Carlo semicon-
ductor transport simulation. More specifically, at the solution of Poisson’s
equation through the means of the finite difference method and an iterative
solver. In doing so, we will also study a practical implementation of in a semi-
conductor transport simulator, and investigate how one can utilize uniform,
or non-uniform meshes.

1.1 The Monte Carlo Method

The Monte Carlo method relies on random or pseudorandom numbers to
obtain numerical results[I]. The flow chart shows a typical execution of
a Monte Carlo device simulation.



1.2 Poisson equation

Calculating the potential and electric field inside the device, means solving
Poisson’s equation (77).

p=—"p (1.2.1)

The objective of this thesis is to solve equation with its given
boundary conditions, and obtain the potential and the electric field to be used
in the Monte Carlo simulation. As mentioned, there are multiple methods
one can use to accomplish this. One approach is to use the method of finite
differences, which is the approach of choice in this thesis. The following
steps were thusly taken in order to find the electric potential and field during
simulation:

1. Discretize the domain in which we need to solve Poisson’s equation.

2. Approxixmate the derivatives of Poisson’s equation using finite differ-
ences in the said discretized domain.

3. Collect and solve the resulting set of linear equations for the potential.

4. Calculate the electric field from the newfound potential using, again,
finite differences in the discretized domain.
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Figure 1.1: Flow chart of typical MC simulation of semiconductor devices[I]



Chapter 2

Solving Poisson’s Equation

2.1 Discretizing the Domain

The first step in using the FD-method to solve (1.2.1)) is to discretize the do-
main of the device in question. In the FD-method this consists of distributing
N, 4. grid points along the z, y, z-directions of the device, with spacings h; ; «
between the grid points such that Zf?;ff;f’:l—l hijr = Lyy.. Here, L, , . is the
length of the device in the z,y, z-directions, respectively. The resulting dis-
crete mesh can have uniform or non-uniform grid spacings, and it can be
constant during simulation, or adapt to the changing charge distributions
over the iterations (adaptive grid).

Using a uniform mesh entails having h; = h; = hy = h for all 4,7, k.
This has the benefit of uniform finite difference coefficients, which makes the
resulting linear system easy to handle, with little or no memory requiere-
ments for the system matrix. The accuracy of the finite difference derivative
approximations will also be known and well-behaved over the entire mesh,
depending only on the type of FDM used. However, one does potentially
waste grid points in regions where a less dense mesh is required, and when
h is to be constant, the number of required gridpoints along z, y, z-direction
has to be handled with A-in mind.

When using a mesh with non-uniform grid spacings, one can economize
with the number of gridpoints one has to use by packing them more densely
in regions that requires it, thus getting a mesh with better resolution with
fewer grid points. This does however mean that the finite difference coef-
ficients are no longer uniform, and the resulting linear system is now more
complex to handle, and has a system matrix that must, or should, be stored
in memory. Said matrix is now no longer necessarily symmetric, which limits
the types of iterative solvers that can be used such as the conjugate-gradient



method. Also, the accuracy of the FD-approximation now depends on how
the gridpoints are distributed.

2.1.1 Uniform Grid Spacing

i=17=N, i=N. i=N
 — I o ) T
77777777777777777777 hﬁﬁé,,,,,> T; i =Ngj=1

Figure 2.1: Uniform grid representation

Figure shows a representation of a discrete mesh on a device. h,;
is the distance between grid points ¢ and ¢ + 1, x; is the z-position of grid
points with index i. The same convention applies to the y-direction. ¢;; is
now the potential at grid point (4, j) and is equal to ¢(x;,y;). If the grid is
uniform, then h,; = h,; = h, for all ¢ and all j, giving z; = (i — 1) - h.

Consider a device with dimensions are L, and L, and we want h, N, and
N, such that (N, —1)-h = L,, and (N, —1)-h = L,. If some specific N, is
chosen, we have:

(N, —1)-h=1L,

L
h = =
N, -1
L, (2.1.1)
N, —1 =L
( Yy >NLU—1 Yy
N,=(Nzx—1)=—=+1



Equations ({2.1.1]) show that if NV, is to be an integer, which certainly is a
requirement, then (N, — 1)L, factorized, has to contain all the factors of L,
factorized. Choosing N, for a uniform grid means choosing the number of

grid points that resolves the device in question accurately enough for FDM,
and contains factors such that N, given by (2.1.1)) is a whole number.

2.1.2 Non-uniform Grid Spacing

1=1,7=N, NN
o 0 T Y

Figure 2.2: Representation of Non-Uniform Mesh

]

A non-uniform grid like the one illustrated in figure 2.1.2]implies that h;
and/or h, ; is not constant over the domain. Care is not needed to be taken
to match the grid spacings like for the uniform grid in section 2.1.1 What
matters is to distribute a set of points 7 and j at positions z; and y; that
resolves the device accurately, and does not vary so fast as too impede on
the accuracy of the FD-approximations. For reasons discussed in the section
concerning finite differences, the non-uniform grid should be chosen such that

hi = hi—l * A, (212)

with a; being close to 1.
Consider a device with length L,, where N, grid points are to be dis-
tributed along the x-dimension. To make the distribution of the grid points



reflect the distribution of the charges along the z-direction, L, is divided into
n-intervals of length L, with £ =1,2,3...n. Each interval k should contain
ny gridpoints, such that the density of gridpoints is optimal in terms of the
needed density distribution of gridpoints during the Monte Carlo simulation.
For the n; intervals we now have:

k=1
ng
> ;= Ly, (2.1.3)
i=1
n ng
Z Z hk,i =L,
k=1i=1

The task is now to distribute the grid points according to (2.1.2)) and (2.1.3).

hk,i = hk,z;lak,i

1
P = o [ akj

j=1
ok ok : 2.1.4
> b= huo [[ ar; = Li ( )
i=1 i=1 j=1
n ng n ng 7
S hi =Y hio [[ ary = La
k=1i=1 k=11i=1 j=1
where
hio = hi—1n, (2.1.5)
for k=2,3,4...n, and
hio = hs (2.1.6)

As a means to ensure that h fulfills (2.1.2)) between the intervals, we will

also require that

Ak = Ak i—10k,c

-1

; (2.1.7)
ki = k00 ¢

where

Qo = Ok—1,n4_, (2.1.8)



for k=2,3,4...n, and

—1
f10 (2.1.9)

(o, = 1

Equation (2.1.9) means that the grid should be constant at the gridpoints on
the boundary of the device, ensuring the accuracy of the FD-approximations
involved with the boundary conditions, while |D ensure that % is conti-
nous between intervals.

Distributing the gridpoints along x now consists of solving

Nk ngk A
> hii =Y hio [[ ar; = L
im1 -1 =1

g ng i ‘
S i = hio [T aroai) = Li (2.1.10)
i=1 i=1 j=1
ok 2k , i
Z hi; = Z hk,oa}§70a,§c]:1 . Ly
i—1 i—1
and
UL no S i
Z Z hk,i = Z Z hk,Oa;ﬁoakﬁjil =1L, (2.1.11)
k=1i=1 k=1i=1

With the conditions of (2.1.9), (2.1.8)), (2.1.6)(2.1.5) and (2.1.2)). This is a
problem of exponential spline interpolation.

Solution algorithm of exponential splines of grid

To solve the exponential spline interpolation problem of equations (2.1.10)
and (2.1.11]), one can use a suitable numerical root-finding method to find
the root of

nolk . i1
f(hS) =L, — Z Z hk,()az,oakz’cjil (2.1.12)
k=1i=1
and
Nk : Zz“:1 i1
flane) = L, =Y oty oaiy (2.1.13)

=1

Below follows a flow chart that describes the alghorithm used to to fit the
grid points of the non-uniform mesh.

10
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Figure 2.3: Flow chart illustrating the alghorithm used to fit the non-uniform
mesh
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2.2 Finite Difference Approximation

Once the domain of has been discretized, one can use the differences
of the values of the potential at discrete neighbouring points, to approximate
the second the derivatives in Poisson’s equation. This is what is known as
the finite difference method. To calculate the derivatives, for instance with
respect to x, using the finite difference method, one starts with the taylor
series expansion of the potential ¢ around some point a:

(z —a)’

8(x) = 6a) + (& — @) (a) - L a)
+ (l’ ;'a) qb”/(a) ey (_1>n+1 ((‘Z__Ci);¢(n)(a) (2.2.1)

+O((z — a)"™)

where O is the remainder, or error, term.

From the taylor series expansions around the value of the potential at the
mesh, one then seek to express Poisson’s equation with its boundary equation
by a linear set of equation which in turn is solveable by a suitable numerical
method. In this section, the finite differences used in the for the uniform
and non-uniform case will be presented and explained. For a thorough pre-
sentation of how the FD-coefficients and such were calculated, we refer to

appendix (A))

2.2.1 Uniform Grid

For a mesh with uniform grid spacing, h is the same between every grid

point (2.1.1). Taylor series expansion, like (2.2.1]), around (7, j) in the z- and
y-directions can be expressed as follows:

6¢i,j 2 262¢i7.7 3 363¢i7j
(9@]- 2 282¢7Lj 3 383(252'j
RS d : J 2.9
Gijrn = Gij +nh ) n’h 204 +n’h 60y + 0O (2.2.3)

Through algebraic manipulation of (2.2.2)) and (2.2.3]) on an adequate number
of points on the mesh, one seeks to find suitably accurate approximations of
the first and second derivatives of ¢.

12



Second Derivative

The second derivative in the uniform case is found using points at (i, 7),
(¢£1,7) and (7,5 £ 1) on the mesh:

(i, y;) L Pic1y — 2005+ Qiv1

Ox? - h?
224
Po(xiyy) _ ijo1 — 20i5 + dign (224)
Oy? ~ h2

This is called the central difference formulation for the second derivative, and
the remainder term is O(h?), 2nd order accuracy.

On the edges of the device, the central difference formulation can not be
used outright. With neumann boundary conditions on the first derivative,
one can use so called ghost nodes outside the device, which are solved for
through the boundary condition. One can also use forward, or backwards dif-
ferences. In that case, an approximation for the second derivative is obtained
using points at (4,7), (i +1,7), (4,7 + 1), (i +2,7) and (i,j + 2)

Po(xi,y;) —Idij +4bir1; — Shivay _ 30¢(xi,y;)

Ox? ~ h? h  Ox (2.2.5)
Pp(i, y;) ~ —30ig HA4ij1 — 3iire  300(xi,y;)
oy? h? h Oy

The first derivative is given, due to Von Neumann boundary conditions along
the sides of the device.

First Derivative

A finite difference expression for the first derivative of ¢ is also needed, to
find the electric field:
E=-Vo¢ (2.2.6)

For this we have chosen to use a 4th order accurate finite difference approx-
imation:
= Qir2j +8Pir1; — 8¢i1; + i

E:c ,7) ™~
) 12h (2.2.7)
g = 0ijr2+ 8P i1 — 8¢ i1+ Pij2
yv(ivj) ~ 12h

Which is a center difference, and as for the second derivative we neeed
forward- and backwards difference for the edges as well:

_ —25¢; j + 48piy1 — 36012 + 16013 ; — 30iya

Eac 1,5) ~
7 12h (2.2.8)
E 200 ; + 480i 11 — 360 12 + 1605 13 — 30 j+4
y?(ivj) ~ 12h

13



These are both forward differences, and to get the backward difference, sim-
ply multiply (2.2.8) with —1, and flip the sign of the indices

2.2.2 Non-Unifrom Grid

In the non-uniform case, the grid spacing is not equal over the device. Taylor
series expension of ¢ around (z;,y;) is now:

N0 (s~ ) P (s, ) O
G (Zitn, Yj) = iy + (Z hka> or (Z h“v’?) 2.2 T\ ) G o

k=1 = 2
N-2 [ N OWN-Dg, ; n N
+(=1) (l; hm,k> ¥ T O (; hx,k>
(2.2.9)
and
n 001 3 S P & P P
i) itn — i h 2, o h i, h 3 _
P(Tis Yjrn = Pij + (l; y,k) ay <kz:1 y,k) 20,2 + (}; ng) 5y
N2 n N-—1 a(N_1)¢1J n N
(X hy,k) T O (; m)
(2:2.10)

O is still the remainder, or error, term.

To find the finite difference approximations of the derivatives on the non-
uniform mesh, follow the same procedure as for the uniform mesh. The
difference is that the algebra is more difficult when A is not constant.

Second Derivative

The second derivative is found around (i,7), (¢ £ 1,7) and (i, + 1), same
as for the uniform case. The result is the is the following central difference
expression:

10%¢(xi,y5) _ Pi-1, n Pit1,

2 Ox? Poi(hai + hoio1)  Pai(has + hei1)

(2.2.11)

1 1
G <hx,i(hx,i +hyic1)  heioa(hes + hx,i—l))

14



and forward /backwards difference on edges, with first derivative for boundary
condition:

1 82¢($i7 y]) hi,z - (hx,l + h$,i+1)3 hx,i + hx,iJrl
s =% |3 5| T iy | 7o
2 ox hx7ihx,i+1 (hx,z + h:):,iJrl) hx,i + h:p,i

— Giva hai
2 (hai + haiv1)?heiv
_ 09(zi,y)) ((hmi+'hw¢+ﬁ(h§¢(hmi*‘hiiu))>

Ox (hai + haiv1)?heiv
(2.2.12)
First Derivative
9, Liy Yj
(M&C%) = agPij + a1Qir1 + A2Piy2j + a30i1 3 + AaPiya
where
ag = —((11 + as + as +(Z4)
and
hy ol sh 4
ar = 775 * * ’ * ’ ’* * *
hx,l(hmA - hx,l)(hx,S - hm,l)(ha:,Z - hx,l)
hyahshy g
a’2:_*(*_*)(’h* 7_hj>(< )(*_h*)
x,2\"Yx,4 xz *1’,3 . x,2 x,2 z,1 (2213)
h‘x 1hx th 4
0/3 = * * * 7 * : 7>|< * *
z,3(h’m,4 - h:v,S)( z,3 h‘m,Q)(hx,l - hac,l)
h:: lh; Qh:: 3
a4 - - * * * ; * : 7* * *
x,4<hm,4 - h’a:,?))( x4 hm,2)<hx,4 - h:r,l)
-1
W= haiin (2.2.14)
n=0
0 Li; Yj
qb(axy]) = G_2Qi—2; +a1Qi—1 +a_1$i_1; + ag®ij + a1Pir1; + A20i2
where

ap = —(a_1+a_o+ a1 + as)

15



and

* * *
hx,lhx7—lhm,2

a_2 = * * * * * * *
x,—2( z,1 + h’m,—2>< r,—2 hx,—l)( z,1 + h’m,—2>
. B il
PR e 7y iy B
ha ol _1hg o o
al = * * * ’ * : >:< * *
hx,l(h:c,—l + hx,l)(hx,Q - x,—l)(hx,l + hx7—2)
hiaha _1hg
a/2 - - * k * 7 >|<7 7* * *
hx,?(hx,Q + hx,—?)(hac,Q - w,l)(hac,Q + h‘:v,—l)
h;1 = ha:,i
w2 e e (2.2.16)
x,—1 = hl‘,i—l
h;,,Q =Nhgi—2+ hyi
2.3 Iterative Solvers
2.3.1 Discrete Poisson Equation
Poisson’s equation ((1.2.1)) can now be discretized.
Cor (2.3.1)
Po(wi, ;) 4 (i, y;) _ _P(%’;yj)
0x? Oy? €€y
UM
Interior points
2 2
Or Oy Cotr ) (2.3.2)
P(Tiy Y
Gj-1i+ i1 — 4Pij + Qiv1y T Qi1 = — p2PEn 2l

€€

The boundary conditions used in the the specific case of the APD device,
is that the potential is known at the contacts (V,,V},), and that the normal
derivative of the potential at the surfaces around the device is equal to 0,

16



von Neumann boundary condition. The discrete poisson equation as, say at
the left side of the device, i =1, j = 1,2,3,... Ny, is now:

82¢(Ii,yj) 1 82¢($i7yj) o P(xz’,yj)

2 2
O Oy Cobr (2.3.3)

11 1 P(Ti, V)
Gij1 — ?Cbz',j +40i1; — §¢i+2,j + Gije1 = —h27rj
NUM
Interior points
1 Gi—1, Pit1, Gij-1
V(i) = S Re R
2 ( i) Poi(hai + hoiz1)  Poi(ha + hoio1) Ry j(hy; + hyj-1)

¢i j+1 ( 1
+ : — Qi
IR T A U e

1 1 1
+ + +
hm,i—l(hm,i + hx,i—l) hy,j(hyvj + hy,j—l) hy,j(hyyj + hy,j—1)>

p(xs,y;)
2€p€,

(2.3.4)

At the edges, the boundary condition is the same as the uniform case, and
fori=1,35=1,2,3,...,N, we have

1 h3 . — (hyi+ heiv1)? 1
§V2¢($i,yj):¢i,j <h2 h T R VR N N N
x,i x,z—&-l( x, + z,H—l) yJ( Y,J + ZIJ—1>
1 hyi + hy i+1>
—+ + i1, bt e
hy,j(hyj + hyJ—l)) Pirs ( h2 ihai
ha i Gij-1
~ iras : n : (2.3.5)
Pir2 ((hx,z‘ + hx,i+1)2hm+1> hy,j(hy; + Ty,j-1)
n Gij1
hyj(hyj + hyj-1)
_p(ajw y])
2€0€,

2.3.2 Linear System Representation

The collected discrete poisson equations, now consist of one expression for
each grid point, totalling N, - N, = N linear equations. Figure shows

17



_ — E— mmm=_ | = N,N,

[l =2N,
= i) L= N,
X
Figure 2.4: Linearization of (i,j)
shows how one can number these equations by the index [ wherel =1,2,3,--- | N.

[ is now given by

l(i,7) = N.(j — 1)+ (2.3.6)
While ¢, and j are given by

i = {NLIJ (2.3.7)
i(1) = 1 mod N,

Ady = py (238)

Ais an N by N matrix, N being N, - N,, and ¢, and p, are column vectors
of length N

18
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NUM

Ap= A

b1 ]
®2.1
?3,1

¢UV171J
¢UV$J
D12
P22
$3,2

¢1JVy71
¢2JVy71

¢UV$—1JVy

¢UV$JVy _

20

h2

€0€r

P11
P21
P3,1

PNz—1,1
PNz,1
P1,2
P22
P32

P1,Ny—1
P2,Ny—1

PNz—1,Ny

PNz Ny |

(2.3.12)
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here

1 -
) €{2,3,...,N, —2,N, — 1}
= { G el (2.3.15)
1 .
a o hei—1(hzitheio1) 1 e {27 3’ e ’Nx o 27 Nm o 1} (2 3 16)
0T Gy e () -
. ha,i = {1}
g, =4 Goitheir)hocn ' (2.3.17)
0 c1€42,3,...,N, — 1, N, }
. hai—1 = {N }
ay ., = (i1 thai—2)haia r (2.3.18)
-2 0 i€ {1,2,3,...,N, —2,N, — 1}

Xin(i, ) = —(aa, (1) +ay (D) F a0, () a0y () +ay, () +ay, (7)+ay_, (7)+ay_, (7))
(2.3.19)
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Chapter 3

Simulation Results

The main focus of this thesis has been to create a suitable solution method
for poisson’s equation using the finite difference method and the BiCGStab
solver. In this chapter we will present this work in the context of a Monte
Carlo simultion of a CMT photo diode.

3.1 CdHgTe APD

3.1.1 Initial Potential and Particle Positions

Before one can simulate a photon detection event, the device has to be ini-
tialized with a suitable number and distribution of electrons and holes. After
the particles are released at t = 0, the device is then simulated under the
specified conditions until it hopefully can model the expected state of a real
world device. One can investigate properties such as the depletion length
of the pn-junction, potential and distribution of particles in order to decide
when this is the case.

The diode in question, has been simulated over 75 ps under a 10 V reverse
bias, at 77 K.Figure [3.1| shows the contourplot of the diode after a longer pe-
riod of simulation. Initial and final states has been saved to file and reloaded
for further simulation, and as such, the simulation length is not known ex-
cactly. Figure shows the same contourplot with arrows indicating the
direction of the electric field. Figure shows a previous contourplot of the
diode after 100 ps simulation under 5V reverse bias and 77 K. This figure
illustrates a problem of the old solver. Holes seem to pile up around the p-
contacts, resulting in a deeply negative potential in front of the n-region. For
a self-consistent solver, one would expect that these holes would evacuate the
region of higher potential, either due to the electric field, or by diffusion, this
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was however not the case. The underlying problem seemed to be with the
way the program handled the contacts of the device, counting the number
of super particles in the contact region, and adding it the background impu-
rity charges. For some reason, this resulted in an artificial deficit of charge,
and when more holes were injected at the contacts, the resulting potential
became artificially high as well. Increasing the bias to 10V and calculating
the surplus charge in the contact region through the charge density matrix,
which takes into consideration the particle-mesh coupling that "smears” the
charges slightly, seemed to have alleviated the problem. Figures and
seem to be an accurate representation of the diode.

Lastly, we refer to figure 3.4 which shows the particle positions after
an extended period of simulation. No unphysical concentration of holes or
electrons can be seen, which was the case around the p-contacts previously.

APD potential, ¢, after 40 ps simulation

12
10

ypm
=T CRSOC N

0 2 4 6 8101214 16 18 20 22 24 26 28 30 32

rpm

Figure 3.1: Contourplot of potential after > 75ps of simulation
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APD potential, ¢, after 40 ps simulation
The arrows show the direction of the electric field

12
10

ypm
=T CRNSOC e

0 2 4 6 81012 14 16 18 20 22 24 26 28 30 32

rpm

Figure 3.2: Contourplot of potential, ¢, with arrows indicating the direction
of the electric field. > 75 ps simulation.
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Potential 12
1.2x10°

1x107

8x10°

yimj

6x108
4x10°®

2x10

0 5x10°8 1x107 1.5x10° 2x10° 2.5x10° 3x107
x[m]

Figure 3.3: Previous simulation result; controuplot of potential after 100 ps
simulation, 5V reverse bias at 77 K
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Particle positions after 40 ps simulation

12 -
10
] |
= 6
P
4 |
9 |
0 T T T T T T T T T T T T T T T
0 2 4 6 &8 10 12 14 16 18 20 22 24 26 28 30 32
rpm
Holes
Electrons

Figure 3.4: Particle positions. Faintly dashed line represents the depletion
length
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Electric field strength, |E|
The arrows show the direction of the electric field

1.2 x 107
1 x 107
8 x 108
6 x 10°
4 x 109
2 x 108

12
10

ypm
I CRSOC e

0 2 4 6 8101214 16 18 20 22 24 26 28 30 32

rpm

Figure 3.5: Absolute value of electric field, and arrow indicators of direction
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3.1.2 APD event simulation

Figures [3.7] and show some of the results from a simulation of a
generated electron-hole from photon excitation. The enclosed file "APDde-
tection.avi” should show the particle position under the impactionisation and
recombination.

3.2 Non-uniform Mesh in Simulation

During initial Monte Carlo simulation in order for the device to stabilize, we
fitted the grid spacing relative to the absolute value of the electric field, every
3rd call to the poisson solver. For the z-direction, we fitted n; grid points
to Ni subdivisions of the total length L,. Using k£ > 19 subdivisions became
perhaps too taxing for the chosen solution method, causing long solution
times and crashes due too floating point errors. 15 subdivisions in the z-
direction, and 7 for the y-grid seemed to be a good compromise in speed,
accuracy and stability. Figures[3.9 and shows the gridpoint distribution
after an extended period of simulation.

Figures and further illustrates the distribution of grid
points after simulation
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Current on n-contact

200.0

-50.0 I I I I I
Time [ps]

Current on left p-contact

-40.0 + J
-45.0 : : ! ! —
0 2 4 6 8 10 12
Time [ps]
Current on right p-contact
20.0

-100.0 J

-120.0 ‘ ‘ ‘ ‘ :
0

Time [ps]

Figure 3.6: Current on contacts as due to Shockley-Ramo
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Number of particles ejected

Number of particles ejected

Particles ejected after a photon absorption event

Electrons
14 Holes

0.8 ,

0.4 ,

0 200 400 600 800 1 1
Time [ps]

Figure 3.7: Number of ejected electrons and holes per time

Particles ejected after a photon absorption event

1.4 Electrons
Holes

1.2 - .

0.8 - ,

04 - ,

0.2 ,

O I I Il ] I
0 ) 10 15 20 25 30

Time [ps]

Figure 3.8: Number of ejected electrons per time
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Grid spacing [nm)]

70
65
60
25
20
45
40
35
30

\V

4 6 8 10 12 14 16 18 20 22 24 26 2
Device z-position [pm]

Figure 3.9: Gridspacing in z-direction
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Grid spacing [nm)]
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Figure 3.10: Gridspacing in y-direction
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Mesh density

12 1.6 x 10%
10 1.4 x 10"
8 1.2 x 101
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S 8 x 10
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Figure 3.11: Density of meshpoints
12
=8 =
ERR S
SET
. 75
02550 50 I - — B —]
Grid SpaCing 2(5) | | | | | | | | | | | | | | |
[nm] 0 2 4 6 8101214 16 18 20 22 24 26 28 30 32

[pm]

Figure 3.12: Potential and gridpointdistribution in z- and y-direction
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Figure 3.13: Absolute value of electric field, and gridpointdistribution in z-
and y-direction
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Chapter 4

Discussion
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Appendix A
FDM Coefficients

A.1 Uniform Mesh FDs

A.1.1 First derivative for calculation of electric field

For the interior points, a 4th order accurate central difference approximation
is used:

— it +8Piv1; — 8Pi—1; + Pi—aj

157 + O(hY) (A.1.1)

Forward difference at edges:

h2 h3 4 4

binr = G+ hdl+ 0] + 701 + 5 ¢§ ' o)
4h2 8h3 16h*

biva = G+ 2]+ 0] + 5 ”’+7 o)
9h2 27h? 81h4

Givs = 01+ 3ho + -0 + ol + —ol + o)

3!

16h2 64h° 256h4
5O+ 5ol + g + O(h)

Gira = ¢i + 4oy +
Eliminate fouth derivative:
2 h3
Givo — 16041 = —15¢; — 14he)| — 12f¢” —8< ¢"’ +O(1?)
Dres — 816,11 = —80, — T8, — T2 ¢” — 54 ¢>’” +O(h?)

h
Gira — 2560141 = —255¢; — 252¢; — 240~ -] — 1925602” +O(h%)
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Eliminate third derivative:
54
Girs — 8lgip1 — §(¢i+2 - 16<Z5z'+1) =

4 4 h? 4
64(—80 + 1558) + hel(—T8 + 1422 & SoU-T2 1258> + o)

8
Bira — 256041 — 24(Pipe — 16¢i41) =
$i(—255 + 24 - 15) + he(—252 + 24 - 14)

2
+ };¢;’(—240 +24-12) + O(h®)
Tidy up a bit:
54 85 33 h?
D3 + 27051 — §¢i+2 = Z@ + ?h@ + 9?% +0O(%)
h2

Giva + 128¢;1 — 24640 = 105¢; + 84he) + 48?@’ + O(h°)

Eliminate second derivative:

16 54
Giga + 128¢; 11 — 24¢i 40 — 3(@43 + 27041 — §¢i+2) =

1 16 -
6:(105 — 85126> +he(s4 — 2033 L o
Tidy up again:
16 100
Gigs — 16¢i1 + 12049 — §¢i+3 = —ﬁ@ — 4h;

Finally, this gives the following 4th order accurate forward difference approx-

imation of the first derivative:

o — —25¢; + 48¢i11 — 360+ + 1643 — 3disa
’ 12h

To get the backwards difference formulation, multiply (A.1.2]) with —1
The electric field can now be found from:

+ O(h*) (A.1.2)

E, = ¢! (A.1.3)

7

Using forward, backwards or central differences as requiered.
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3rd order accuracy forward difference for first derivative

h? h3
Giv1 = i + ho; + Eqﬁ;/ + —gzﬁ{” + O(hY) (A.1.4)
/ 4h2 Vi 8 3 " 4
Giro = Qi + 2ho; + 7¢ + 7¢ + O(h%) (A.15)
9h2 27h3
Givs = ¢i + 3he; + —gzs” + ¢+ O(h') (A.1.6)

Eliminate second derivative terms: (]A.1.5|) — 4(A.1.6) and (A.1.6) —
o[@Ld)

h3 ///

Giva — 4iy1 = =3¢ — 2h¢; + —— (A.1.7)
18h3 "

Givs — 9is1 = —8¢; — 6h¢; + a &y (A.1.8)

Eliminate third derivative terms by | .1.8 — 5, and solve for ¢/

—11¢; + 18011 — 9Pito + 20443

/o
%= 6h

Finally:

11 — 1861 + Vo — 205155
Em(l,j): ¢,] ¢+1,]6+h ¢+2,j ¢+37]

This equation holds true for the forward difference edges. At the backwards
difference edges, simply flip the sign of the fraction in equation (A.1.9))

(A.1.9)

A.1.2 FD approximations of second derivatives

Central difference formulation for interior points, with 2nd order accuracy:

Forward difference approximation of second derivatives 1st order accuracy
(edges):

¢z+1 (bz + h(b + ¢H

Givo — 20is1 = —¢; + K
WP¢ = ¢ — 20541 + Py (A.1.11)
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Backwards difference approximation of second derivatives 1st order accuracy
(edges):

. / h? 1"
Gic1 = ¢; — ho; + ?@'

/ 4h2 /!
Gi—2 = ¢; — 2h¢; + 7@
Gio — 20i-1 = —¢; + K
W) = di — 2041 + diro (A.1.12)

Forward and backwards difference are the same for the second derivatives.
For the first derivatives one has to change the sign (multiply rhs with —1).
This is generally true for the even or odd numbered derivatives (multiply by
—1 for odd derivatives).

Forward difference approximation of second derivatives 2st order accuracy
(edges):

h? h?
Giv1 = @i+ hd' + 5¢2’ + gwl + O(h4)
4h? 8h3
Dive = 0ict 2o+ S50+ ol 4 O)
9h? 27h3
Givs = i+ 3hd' =59+ Zgdl + O

Eliminate third derivative:
h?
biva = 81 = —T6; — 6h¢ — 407 + O(h')
h2
Girs — 2Thi 1 = —26¢; — 24he; — 18?@’ + O(h%)
Eliminate first derivative:

9
Girs — 27041 — 4(Diy2 — 8Pir1) = 20 — 2h2¢§/ + O(h?)

Givs — 2701 — 4(Pira — 8bii1) = 2 — W29} + O(h*)
Givs + 5dip1 — ddiye = 20; — W2 + O(h?)

Finally:
20; — 5¢iy1 + 4it0 — ¢
& = ! > 22T L o) (A.1.13)
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Finding an expression for ¢; from boundary condition (used to calculate
the corner values):

h2
biv1 = ¢i + he, + ?Qb;/
4h?
Giva = ¢i + 2he; + 7@/
Giva — 4pit1 = —3¢; — 2h¢;
b = 4¢it1 — Giva — 209,
! 3

(A.1.14)

When applying von Neumann boundary conditions, we wish to keep the
first derivative term. Second Derivative with neumann boundary condition,
1st order accuracy:

W2 = —2¢; + 26141 + 2h¢), (A.1.15)

Second Derivative with neumann boundary condition, 2nd order accuracy:

h? h?
bior = bi+ 1 + 0! + 50

4h? B3
Giya = ¢i + 2y + 7@’ + 83' @
Giro — 8Pip1 = —Td; — 6he; — 2!
7 1
W0 = _5@ = 3he' + 4¢i1 — §¢i+2 (A.1.16)

For the uniform case, 1st order accuracy seems to be good enough. It
seems we need to use the 3 point version in the non-uniform case, to have
BiCGStab converge correctly, which maybe means it would be a good idea
to use 2nd order accuracy for the edges in the uniform case as well. It seems
at the very least neat and tidy to be consistent with the order of accuracy
in all parts of the domain.

¢’ is zero at the boundaries. At the corners, ¢; is set to the average of
the two directional derivatives:

do(i+1,7) — d(i +2,7) +4¢(i,j + 1) — d(i,j + 2)
3

Simply using equation (A.1.17)) for the equation on the corner nodes, re-
sults in BiCGStab not converging correctly. Specifically, the potential seems
to be spooked up in the corners. If we isolate ¢’ from equation (A.1.16]) and

20(i,j) =

(A.1.17)
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and try to congest what expression makes sense as, for instance, ¢, and ng,
meet in the lower left corner. Summing ¢} and ¢} and solving for h*(¢} + ¢
leads us to an average expression in the style of which also enable
us to solve poisson’s equation on the corners.

1 1
h2(¢g + ¢;,) = _7¢i + 4¢i+1 - §¢i+2 + 4¢j+1 - §¢j+2 (A.1.18)

Equation (A.1.18) seems to behave correctly

A.1.3 Finite difference scheme for poisson equation

NB! I made some changes to the approach in this section, see Summary for
FDM actually used Interior points:

Left edge, i =1,5 =3, N, — 2

h2¢" (i, j) = —4(i, §) +20(i + 1,5) + 6(i,j + 1) + ¢(i,5 — 1) (A.1.20)

bottom edge, i =3, N, — 2,57 =1

W' (i, j) = —46(i, j) + ¢(i + 1,5) + o(i — 1,j) +26(i,5 +1)  (A.1.21)

right edge ¢ = N, j = 3, N, — 2

h*¢"(i,5) = —4¢(i, ) + 2¢(i — 1,5) + ¢(i,j + 1) + (3,5 — 1) (A.1.22)

top edge, between contacts, 1 = 3, N, — 2,5 = N,

The corners might as well be left out, but in contrast with the SOR
solver, we cannot use the corner values and "update” them between each
iteration. We need to use forward and backward differences at the 8 points
that otherwise would need the corner values in their FD-equation. Then
we can simply use equation to set the value of the potential at the
corners.

For the two points next to the corners, e.g. the lower left corner, we use
the following forward difference approximations:

W2 = ¢ — 20511 + hiso (A.1.24)
W = —2¢; + 2011 (A.1.25)
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Here ¢ = 2, and 7 = 1. Similar expressions are found for the other points
neighbouring a corner, which leads to the following linear equations for the
next-to-a-corner-nodes:

1=1,7=2andi=2,5=1:

R2¢"(i,5) = —¢(i,5) +20(i +1,7) —20(i, 5 + 1)+ ¢(i, 5 +2) (A.1.26)

h2¢"(i,5) = —é(i,5) +20(i, 5 +1) —20(i + 1,5) + o(i +2,5)  (A.1.27)
1t=Ng,j=2andi=N,—1,7=1:

W2 (i,5) = —6(i,§) — 26(i,5 + 1) + 6(6, 5 +2) + 26(i — 1,5)  (A.1.28)

W2¢"(i,j) = =i, 5) = 20(i = 1,7) + ¢(i — 2,5) +2¢(i,5 +1)  (A.1.29)
t=Ny,—1,5=N,—1landi=N,,j=N, — 1

W2 ¢"(i,j) = =o(i, ) = 20(i = 1,j) + ¢(i — 2,5) + 26(i,j — 1) (A.1.30)

t=2,7=Nyandi=1,7=N, -1

¢ (i,5) = —¢(i,7) — 20(i + 1,5) + (i +2,7) + 26(i,j — 1) (A.1.32)

h2"(i,5) = —¢(i,5) — 20(i,5 — 1) + ¢(i,§ — 2) +26(i + 1,5)  (A.1.33)
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A.2 Non-uniform Mesh

A.2.1 First derivative approximation for the Electric
field

Forward/Backwards Difference on edges

h2 h3
Gir1 = ¢; + hio; + ¢” + ¢>’” + cb +¢& (A.2.1)
. . 3
¢z+2 ¢z (hz + hz-i-l)gb; + ng// + (hl—i_gfllﬂrl)qb;ﬁ
- (A.2.2)

(hi 4 hiyr)*
LT
i+ Ny hiy2)?
i3 = @i + (hi + i1 + higo ¢/'+(h+h+l+ +2)
+ + ) 2

(hi + hig1 + hix2)® (i 4 by + higo)?
* ot 4!

3!
Giva = @i + (hi + hip1 + hiyo + higs) @) + WRMLS +2 r2 1 i)

" (hi + hiv1 + hivo + hivs)? (hi + hiy1 + higo + higs)?
3! 4!

o ¢
¢//

(A.2.3)
o +¢

¢//

o +¢
(A.2.4)

o+

) ((}:fhk>5> Or:
24N, + 12h2¢7 + 4h3¢" + hiol = 24(diyr — &)
24hod, + 120207 + 4h3¢" + hiolY = 24(diyo — &)
24hsd, + 12h2¢) + 4h3¢" + hio!™ = 24( ;)
24hyd, + 120207 + 4h3¢" + hiol = 24(diys — &)

¢i+3 - ¥

We now write this as the linear system Ax = b:
24hy 12h% 4R34 [ ¢ Apiy1 — &5)
24hy 12R2 4h3 Ryl | &7 | |24(ira — cbz)
24hs 12h2 4h3 hi| | o} 4 birs — b5)
24h, 12h2 43 hi] |4 Apiya — &;)

44



We make some substitutions to simplify the arithmetics:

a b c d| ¢ e
fg k 1| |o] |m
n o p ql||é r
s t u v ¢§4) w

Cramer’s rule can now give us an expression for ¢':

» I 2|8 3 3 o
+ 0 QX T+ o0o @ o
EW FTO |2y o
SR AR —Q,

Note that the factorial factors can be removed. Concentrating on the nomi-
nator first:

det, = e

S o~
Q0 o~ Q

S FT 0
o o

+~ Q o
= 30

~+~ o o
SR

IS SIS
S Q ~
3 o

9
0
t

= e(g(pv — qu) — k(ov — qt) + l(ou — pt)) — m(b(pv — qu) — c(ov — qt) + d(ou — pt))
+ r(b(kv — lu) — c(gv — It) + d(gu — kt)) — w(b(kq — Ip) — c(gq — lo) + d(gp — ko))

Then the denominator:

g k 1 b ¢ d b ¢ d b ¢ d
det,=alo p q|—flo p q|+n|lg k l|—slg k [
t u v t u v t u v o p q

= a(g(pv — qu) — k(ov — qt) + l(ou — pt)) — f(b(pv — qu) — c(ov — gt) + d(ou — pt))
+ n(b(kv — lu) — c(gv — It) + d(gu — kt)) — s(b(kq — Ip) — ¢(gq — lo) + d(gp — ko))

With substitue for the b column vector:

(@ir1 — ¢i)(g(pv — qu) — k(ov — qt) + l(ou — pt)) — (¢ir2 — ¢3) (b(pv — qu) — c(ov — qt) + d(ou —
+ (Divs — 0i) (b(kv — lu) — c(gv — ) + d(gu — kt)) — (dira — ¢3)(b(kq — Ip) — c(gq — lo) + d(gp

45



9%

We can now kind of see what the finite difference cofactors are gonna be. Let’s try to find a;, the cofactor for
Pit1

(g(pv—qu)—k(ov—qt)+l(ou—pt))
a(g(pv—qu)—k(ov—qt)+1(ou—pt))— f (b(pv—qu)—c(ov—qt)+d(ou—pt))+n(b(kv—lu) —c(gv—It)+d(gu—kt)) —s(b(kq—Ip)—c(gq—lo)+d(gp—Fko))

Nominator first, susbstitute back the following (the factorial factors are removed, as they eliminate each other in
the fraction of cramer’s rule)

a =hy b=h3 c=h? d =h}
f =hy g =h3 k =hj 1 =hj
n =hs o =h; p =h; q =h;
s =hy t =h3 u =h v =h}

(h3(hshi — hshi) — hy(hshy — hshi) + hy(hshy — hihi))
Simplify as best as possible:

hy(h3hy — hhi) — hi(h3hy — hahi) + hy(h3hi — h3hl)
h2h2h2((hsh? — h2hy) — hao(h2 — h2) + hi(hy — hs))
hah2h3(hshy(hy — hs) — ho(h2 — h3) + hi(hy — hs3))
hah3hi((hshy + h3)(hy — hs) — ha(h3 — h3))
h2h2h2((hshs + h2)(hy — hs) — ho(hy — hs)(hg + hs))
h3h3h3(hy — h3)(hshy + b3 — ha(hy + h3))
h3h3hi(hy — hs)(hshy + h3 — hohy — hohs))
h2h2h2(hy — hs)(hs(hy — ha) — ho(hy — hs))
h2h2h2(hy — hs)(hy — ha)(hs — hy)



Ly

Whip out the magnifying glass, and give the denominator the same treatment:

ha(h3(h3hi — hih3) — h3(h3hd — hih3) + h3(h3hG — h3h3)) — ha(h3(h3hi — hih3) — Bi(h3hG — hgh3) + hi(h3hs —
Let’s simplify one addend at the time. First addend:

ha(h5(h3hy — h3hy) — hy(h3hy — hih?)
hih3((hihy — hsh3) — ho(h3hy — hshg)
— ha(h? — h3)
)
)

hih2h2R2((hsh? — h2hy)
hih2h2h2(hsha(hy — hs) —

hshy —

(
( )
hih2h2h2(hy — hs)
hih2h2h2(hy — hs)

( )

(
(ha(hs — ha) —
(

h3h3)) + hs(h3 (h3hi —

ho(hy + hs —

hih2h2h2(hy — hs)(hy — ho)(hs — ho)

Second addend:

— ha(hi(h3hi — hshi) — hi(hshi — hahi

— halh2R2h2((hsh? — h2hy) —

— hah2h2h3(hshy(hy — hs3) —
— hoh2h2h2(hy — hs)(hshy —
(

hl(h2 — hg
hy(hy — hg
hi(hy + hs
(

h3hd)

— h3(h3hi —

hzh3) + hy(h3hi —
hzh?) + ha(h2nd —

hih3) + hi(h3hi —

+ h3(ha — h3))
ho(hy — h3)(hy + h3) + h3(hg — h3))
hihah2h2(hy — hs)(hshs — ha(hy + hs) + h2)
hy))

+
+

+

ha(hs — ha))

hi(h3hi —
h2

1(hs — h3))

i)

— hoh2B2h2(hy — h3)(hsha — hy(hy + hg — hy))

h3hi))

h3h3))
hihi))

hsh3))

— ha(h3(h3h3

(hg + h3) + hi(hy — h3))

— h3h3)

— h3(h3hs —

hah2) + hi(h3h3 —

W)
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Third addend:

ha(hi(hihy — hyhi) — hi(h3hy — hahi) + hi(h3hi — h3h3))
+ h?

)
hsh3h3h2((hoh? — hihy) — hl(hi — h2) + hi(hg — hy))
hsh?h2h2(hohy(hy — ha) — hy(hy — ho)(hg + hg) 4+ B3 (hy — hy))
hsh2h2h2(hy — ho)(hohy — hy(hy + ho) + h3)
hsh2h2h3(hy — ho)(hohy — hy(hy + ho — hy))

fourth addend:
— ha(Ri(h3hy — hyh3) — hi(h5hs — hoh3) + hi(h3hs — hoh3))
— haliih3h3((hahl — h3hs) — ha(hi — h3) + hi(hs — ha))
— hah3h3h3(hs — hy)(hohs — hy(hs + hy — hy))

The common factor is hyhghshy, which gives us the following factor for ¢':

haohshg (h47h3) (h3h47h2 (h4+h3 7h2))
hi(h2hzhy(ha—h3)(hzha—ho(ha+h3—h2))—hi1h3hs(ha—h3)(hzha—hi(hat+h3—h1))+hi1hoha(ha—ha)(hahs—hi(ha+ha—h1))—hi1hahs(h3—h2)(hahz—h1(h3+ha—h1)))

Using hy = h, ho = 2h, hg = 3h, hy = 4h yields:

4
a; = —

h

Which is what one would expect in the uniform case (ref: wikipedia)
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Simplify denominator further: first and second:

hsha(hg — hs
hsha(ha — hs

ohsh

4 — h3(hg + hg — ha) — hihshy + h3(hg + hs — hy))
hshy(hy — hl) h2(h4 + hs — hy) + h2(h4 + hz — hy))

( )(h
( )(haha(
haha(ha — hg)(hsha(he — h1) — ha(h3 — hY) — ha(hl — hi) + by — h})
hsha(hy — hs)(hshy(hy — hl) hs(hgy — hl)(hQ + hy) — hy(hy — hy)(ha + hy) + by — h})
hsha(hy — h3)(haha(ha — h1) — ha(hg — hy)(ha + hy) — hy(hy — hy)(ha + hy) + (ha — hi)(h3 + hihe + hY))
hsha(hy — hs)(hy — hy)(hshy — hs(hy + h1) — hy(hg + h1) + (B2 + hohy + h2))
haha(hy — h3)(hy — hy)(hshy — h(he + hy) — ha(hg + h1) + (h1 + ha)® — hiha)
( )

4
hsha(hs — hg)(he — h1)(hshy — hiha 4 (1 + ha)(hy 4 ho — hg — ha))

Third and fourth:

hyhohy(hy — ha)(hohy — hi(ha + ho — hy)) — hihohg(hs — ha)(hohs — hy(hs + he — hq))

hyho(hy(ha — ha)(hohy — hi(ha + ho — h1)) — hs(hg — he)(hahs — hi(hs + ha — hy)))

hihg(hohi(hy — hy) — hihy(hy — ho)(ha + hy — hy) — hah3(hs — ha) + hihs(hs — hy)(hs + hy — hy))
h1h2(h2(h2(h4 — hy) — h3(hs — h2)) + ha(hg(hs — ha)(hs + hy — h1) — ha(hg — ha)(hy 4 ha — hy1)))
hiha(ho(h3 — hoh? — h3 4+ hoh2)) 4 hy(hs(hs — ha)(hs + hy — h1) — hy(hg — ha)(hg + hy — hy)))
hiho(ha((hy — h3)(h] + hahs + h3) — ho(hi — h3)) + hi(hs(hs — ho)(hs + hy — hy) — ha(hy — ha)(hg + hg —
hiho(ha(hy — hs)((hf + hahs + h3) — ha(hy + h3)) + hy(hs(hs — ha)(hs + ho — hy) — hy(hg — ha)(ha + ha —
hiha(ho(hy — h3)((ha + h3)? — hahs — ha(hy + h3)) + hy(hs(hs — ha)(hs + hy — hy) — hy(hg — ho)(hy + hy —
hiho(ho(ha — h3)((ha + hs)(ha + hs — ko) — hyhg)) + hi(hs(hs — ho)(hs + ho — h1) — ha(ha — ho)(ha + hy —

h2
hQ

\_/\./\_/\_/
~— ~— ~— ~—

1

1))
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Second addend of this expression:

combined:

hi(hs(hs — ha)(hs + hy — hy) — hy(hg — hg)(hg + hy — hy)))

hi((h3 — hahs)(hs + hg — hy) — (h3 — hohy)(hy 4 hy — h1)))

hy(h3 4 hoh3 — hih3 — hoh2 — hsh2 + hohshy — h3 — hoh? 4 hih2 + hoh2 + h3hg — hihohy)

hi(hg — h3)(—(h3 + hahs + h}) + hi(ha + h3) + h3 — hohy)
(
(
(

>

1(hy — h3)(—(h3 + hghs + h3) + hi(hy + hs) + ho(hy — hy))
1(ha — h3)(—(hs + h4) + hghy + hi(hy + h3) + hao(ha — hy))
hy(hy — h3)((hs + hy)(h1 — hs — hy) + hghy + ha(hy — hy))

>

ha(hy — h3)((ha + h3)(hy + hg — ha) — hahs) + hy(hg — h3)((hs + ha)(hy — hg — ha) + hghy + ha(ha — hy)))

— h3)(ha((ha + h3)(hg + hs — ha) — hyhs) + hai((hs + hy)(hq — hg — hy) + hahy + ha(hy — hy)))
— h3)((ha + h3)(ha(hy 4+ hg — he) + hi(hy — hy — hy)) — hgha(ha — hy) 4+ hiha(he — hy)))

— h3)((hy + h3)(hohy + hshy — h3 + h3 — hihg — hihg) + (ha — hy)(hihy — hshy))

— h3)((ha + h3)(ha(hs — hn) + ha(he — ha) = (A3 — 7)) + (ha — h1)(hiha — h3ha))

hg)((h4 + h3)(ha(hy — hy) + h3(hg — hy) — (he — hy)(ho + hy)) + (ha — hy)(hihg — hahy))

— h3)(hsy )((h4+h3)(h4+h3 — (ha 4+ h1)) + (hiha — hgha))

— h3)(ha — hi)(hiho — hshy + (ha + h3)(ha + hs — hy — hy))

denominator, total

hihohsha(hsha(hy

— h3)(ha — h1)(hshg — hihe + (b1 + ha)(h1 4+ ha — hs — hy)) + haha(ha — hs)(he — hy)(hihe — hshy + (ha + h3)(ha + hg — ha — hy)))

hihohshy(hy — hs)(he — hy)(hsha(hshy — hihe + (hy + hg)(h1 + ha — hs — hy)) + hiho(hihg — hghy + (ha + h3)(hy + hg — he — hq)))
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Leave out the common factors

hahy(hshy — hihs + (b1 + ho)(h1 + ho — hg — ha)) + hiho(Riho — hgha + (ha + h3)(ha + hs — hy — hy))

(hy 4 hy — hg — hy)(hsha(hy 4 hy) — hiho(hy + h3)) + h2h? + h2h% — 2hyhohshy

(hy + hy — hs — hg)(hsha(h1 + hy) — hiha(hy + h3)) + (hshy — hihy)?

(h1 + hy — hs — hy)(h1hshy 4 hohshy — hihohg — hihohs) + (hshy — hihy)?

h2hshy — h2hahy — h2hohs + h2hshy — hyh2hy — hih3hs — hih3hy — hoh2hs + hihoh? — hihsh? — hahsh2 + hyhoh2 + h3h2 + h2h% + 2hyhohshy
h2(hshy — hohy — hohs) + h2(hshy — hihy — hahg) + h2(—hyhy — hohy + huho) 4+ h2(—hihs — hahs + hihs) + h3h2 + h2h3 + 2hyhohshy
h2(ha(hs — ho) — hahg) + h2(hs(ha — hy) — hihy) + B2(ha(hy — hy) — hyihg) + h2(hy(he — hs) — hahs) + h2h2 + h2h2 + 2hyhahshy
h2(hy(hs — hy) — hahs) + h2(hs(hy — hy) — hihg) — h2(ho(hy — hy) + hyhg) — h2(hy(hs — hy) + hohs) + h2h2 + h2h2 + 2hyhohshy
(hs — hg)(h2hy — h3hy) + (hy — hy)(h3hs — h3hy) — h3hohs — h3hihy — h3hihy — h3hohs + h3h3 + hih3 + 2hyhahshy
(h3 — ha)(hiha(hy — hy)) + (hg — hy)(hahg(he — h3)) — hoha(h? + h3) — hiha(h3 + h3) + h3h3 + h3h3 + 2hyhohshy
—hyhy(hg — ho)(hy — hy) — hohs(hy — hy)(hs — ha) — hohs(h? + h3) — hiha(h3 + h3) + h3h3 + h3h3 + 2hyhohshy
—(hy — ha)(ha — hy)(hiha + hohs) — hohs(h? + h2) — hihy(h2 + h2) + h2h2 + h2h2 + 2hy hohshy

— (h3 — hy)(hg — hy)(hihy + hohs) — hohg(hT + hi) — hyhy(h3 + h3) + hih] + hih3 + 2hihohshy

— (hg — ha)(ha — hy)(hihg + hohs) 4 ho(—h3hs — hah?) + hy(—hih3 — hyh2) + h2h% 4 h2h3 + 2hyhohshy
— (hs — hg)(hg — h1)(hihy + hohs) 4+ ho(—h2hs — hsh? + h2hy) + ha(—hiha — hih2 + h2hg + 2h hohs)

— (hs — ha)(hg — hy)(hihy + hohs) 4 ho(—h3(hs — hy) — hahi) + hy(—hih3 + h3(hg — hy) + 2hihohs)

— (hs — hy)(hy — h1)(hihg + hahs) — hah?(hs — hy) — hohsh? — hyhih3 + hyh3(hg — hy) + 2hihohshy

— (hg — ha)(ha — hy)(h1hg + hahg) — hohy(hi(hs — ha) + hahg) + hahs(hshs — hshy — hohyg) + 2hyhohshy
— (h3 — hy)(hg — hy)(hihy + hohs) — hohy(hi(hs — hg) + hahs) + hahs(ha(hs — he) — hahy + 2hihahshy
— (h3 — hy)(hy — h1)(hihg + hohs) — hah?(hs — hy) — hihgh? + h3hs(hs — hy) — hihghy + 2hihohshy

— (hs — hg)(hg — hy)(hihy + hohs) — (hs — ho)(hah? — h3hs) — hyhy(h3 4 b3 + 2hohs)

— (hs — ha)(hg — hy)(hihy + hohs) — (hs — hg)(hoh3 — h3hs) — hihy(hs — hy)?

— (hs — hg)(hg — hy)(hyhy + hohs) — (hs — hg)(hahi — hihs — hihy(hs — ha))

— (hg — ho)(hg — hy)(hihg + hohs) — (hs — hy)(=hahs(hg — h1) + hoh? — hihghs))

— (hs — hy)(hg — h1)(hihy + hohs) — (hs — ho)(—hahs(hy — hy) — hiha(hy — 1))

— (hs — hy)(hg — hy)(hihy + hohs) — (hs — hg)(—hahs(hy — hy) — hiha(hy — 1))

— (hg - hg)(h4 — hl)( h4 + hghg) (hg hg)(h4 - h1)<—h4h3 — h1h2>>



¢S

~ (hy — ) (hs — h)(hihy + hohy — hahy — hihy)
— (h3 = ha)(hg — hy)(hy(ha — ha) + h3(hy — hy))
— (k3 — hg)(ha — hy)(hi(hy — ha) — h3(hy — hy))
(ha — h1)(h4 — ho)(hs — ha)(hs — hq)

Finally; The factorized denominator of our finite difference coefficients are:

hihahshy(hy — hs)(hy — ho)(ha — hy)(hs — ha)(hs — h1)(he — h1)
The coefficient a; is now:

hohshy
hi(ha — h1)(hs — ha)(he — 1)

(A.2.5)



Let’s examine the rest of the coefficients, concentrating on the nomina-
tors:

—(a} + a5 + ay + a})
= —(b(pv — qu) — c(ov — qt) + d(ou — pt))
= b(kv —lu) — c(gv — It) + d(gu — kt)
ai; —(b(kq — Ip) — c(gq — lo) + d(gp — ko))

Q
co\ S~ o\

Remembering that:

a=h b =h? ¢ =h d =h!
f =hy g =h3 k =h I =hj
n =hs 0 =h; p =h; q =h;
s =hy t =h3 u =h} v =h

ay = —(hi(h3hiy — hshi) — hi(hshi — hshi) + hy(h3hi — hihi))
ay = hi(hahy — hahi) — hi(hshy — hahi) + hi(hshi — h3hi)
ay = —(hi(h3hg — hyhs) — hi(h3hy — hahs) + hy(hahi — hhs))

for aj:
— (hi(h3hy — hshi) — Wi(hshy — hshi) + hi(hshi — hihi))
— hih3hi((hshi — h3hg) — hi(hy — h3)(hg + h3) + hi(hy — h3))
— h3h3h3(hshy(hy — h3) — hy(hy — h3)(hy + h3) + hi(hy — h3))
— h2h2h2 (hy — hs)(hshy — hy(hy + hs) + h2)
— h2h2Rh2(hy — h3)(hs(hg — h1) — hi(hy — hy))
— h2h2h3(hy — h3)(ha — hi)(hs — hy)
0 — —h2h2h3(hy — h3)(ha — hi)(hs — hy)
hihahghy(hy — h3)(ha — ho)(ha — h1)(hs — ha)(hs — h1)(ha — ha1)
—hihshy
Ay =

ha(ha — ha)(hs — ha)(ha — 1)

33



/.
for aj:

ay = hi(h3hi — hohi) — hi(hahy — hohi) + hi(hohi — hahi)
a = hi(h3hy — hahy — ha(hohy — hohi) + hi(hohi — hyhi))
ag = h2h2h3(hoh? — hihg — hy(h3 — h3) + h2(hy — hy))

3 = h2h2h2(hoha(hs — he) — hi(hy — ho)(hy + ha) + h2(hy — hy))

3 = h2h2h3(hy — ho)(hohy — hy(hy + he) + h?)

= h2h2h3(hy — hy)(ha(hy — h1) — hi(hy — hy))
aly = h2h3h2(hy — ho)(hy — hy)(hy — hy)
hih3hi(hy — ha)(hy — hn)(he — ha)

a =
> hyhohsha(ha — hs)(hy — ho)(hy — hy)(hs — ha)(hs — h1)(ha — hy)
e hihohy
> ha(hy — hs)(hs — ha)(hs — hy)
for aj:
— (hi(h3hs — h3h3) — hi(h3hs — hah3) + hi(h3hi — h3h3))
— B3 ((h3hs — h3h3) — ha(h3hs — haoh3) + hi(h3hi — h3h3))
— h2h3h3(hohs(hs — hg) — hi(hs — ha)(hs + ha) + h2(hs — hy))
— h3h3h3(hs — hg)(hahs — hy(hs + hg) + hi)
— hih3h3(hy — ho)(hy — ha)(he — ha)
= —hih3hi(hs — he)(hs — h1)(he — M)
! hyhaohghy(hy — h3)(hy — ho)(ha — hy)(hg — h2)(hs — h1)(ha — hy)
. —hyhohs
Y ha(hg — hs)(ha — hy)(ha — )
and ag:
h2h3h4 + h1h3h4
an = —
0 hi(hy — h1)(hs — hy)(he — hy)  ho(hy — ho)(hg — h2)(he — hy)
hihahy hihohs

B hg(h4 — h3)<h3 — hg)(hg — hl) + h4(h4 — h3)(h4 — hg)(h4 — hl)

This finally gives the forward difference approximation for the first deriva-
tive:

o4



Central difference - interior

THe central difference taylor series formulation:

h? h3 h!
@H=@+md+5w+§w%—w9+®4

h? h3 ht |
O N / i—1 1 zl//l
Gic1 = @i — hi1@' + 9 o; 4, i
hz+hl h; + hitq)? hi; + hitq)?
b2 = 0t (s i)l + PR gy Dot b, (ot hosal g e
. . 2 . . 3 ) ) 4
bn = 61— (s — g+ PRl g B Fhial g (i hid) o,
Rewrite as:
h2 h3 4 1)
biet = 61+ o + Lo + 516 + 1¢< + &
h2 h3 ht,
Gi1=¢i —h 19 + —¢, — 7¢”’ 4+ — 14) + &1
2 41
h2
Giva = @i + hotd' + ¢” + ¢”’+ ¢ + &ito
h2 h3 ht,
Gio =i —h_o¢/ + —= ;I - 7¢”/ + — 14) +&io
2 41
24hy  12h1  4h} Ry b; (¢z+1 ®;)
—24h_y 12h%, —4h®, h* || | ¢} 24(pi—1 — &5)
24hy  12R2  4R3 K3 | | @0 | (@H b;)
—24h_, 12h%, —4R%, R, ¢§4> 24(hi_s — )

This is the same form as the previous section, where we got:

e(g(pv — qu) — k(ov — qt) + l(ou — pt)) — m(b(pv — qu) — c(ov — qt) + d(ou — pt))
o = + r(b(kv — lu) — c(gv — It) + d(gu — kt)) — w(b(kq — Ip) — c(gq — lo) + d(gp — ko))
©alg(pe = qu) = k(ov — gt) + l{ou — pt)) — f(b(pv — qu) — c(ov — gt) + d(ou — pt))
n(b(kv —lu) — c(gv — lt) + d(gu — kt)) — s(b(kq — lp) — c(gq — lo) + d(gp — ko))

Here, however, the substitutions are:

a =hy b =h? c=h} d =h}
f=—h_ g=h*, k=—h3, 1 =h*,
n =hs 0 =h3 p =h3 q=hj
s=—h_o t :h2_2 U =— h?iQ ) :h‘i2

95



Let’s deal with the denominator first:

a(g(pv — qu) — k(ov — qt) + l(ou — pt)) — f(b(pv — qu) — c(ov — qt) + d(ou — pt))
n(b(kv —lu) — c(gv — It) + d(gu — kt)) — s(b(kq — lp) — c(gq — lo) + d(gp — ko))

hi(hZy(hohZy + hoh?y) + 2y (RohZy — hoh?y) — WLy (R3hZ, + hohZ,))
+h_y(h3(h3h%, + hah®,) — h3(h3h*, — h3h?,) — hi(h3h®, + h3h?,))
+ho(h (W1 h2y — B2 h%,) — hi(h2,hE,y — h2 h2y) + hi(R2,h2, — W2 0%,))
+ h_o(=hj(R% by + b k) — RS (k2 hy — B2 h3) + hi(R> hi + h® | h3))

Simplify one addend at a time.
First addend:

hy(R? (h3h%, + h3h®,) + B2 (h3h*, — hoh2,) — b (R3h3, + h3h?,))
hih? (h3hty + hoh®,) + h_ (h2h4 — h3h%,) — B2 (hah®, + h3R%,))
hahnh2h2,((hoh?y + h3h_o) + hoa(h2y — h3) — B2, (ko + ho))

h2hih? (%, (hoh <2+hg+h mg—hng ha) — h2,(h_g + hy))
hahih? (h?o(h_o + hy)(hah_o + h_1(h_y — hy) — h?,)

(h-
h2hih* B2 o (hy + h_o)(hy + h_y)(h_o — h_y)
Second addend:
+hoy(h3(h3hY, + hoh®,) — B3 (R3R*, — h3h%,) — hi(h3h®, + h3h2,))
+ h_1h3h3h2 5 (hoh?y + h3h_o — hy(R%y — h3) — h3(h_y + hy))
+ h_yhih3h? 5 (hah_o(h_g + hy) — hy(h—y — ho)(h—s + ha) — hi(h_3 + hy))
+ h 1 h2h2h? 5 (h_g + ho)(hoh_o — hi(h_o — hy) — h?)
+ h_1h3h3h% 5 (h_y + ho)(h_3(hy — h1) 4 hi(he — hy))
+h_1hih3h? 5 (h_g + hy)(hy — hy)(h_o + h1)

Third addend:

el S~ L) = B By — B2 ) R B, 02 02

+ hohi (WL 02y — B2 hL5) — ha(h2 kL, — RE R2,) + RE(h2,h2, — B2, R2,))

+ thQh2 h2_2(h2 h_g — h_1h2_2 — hl(h2_2 — h2_1) + h%(h_l —h_y))

+ hoh2h? B2y (h_1h_o(h_y — h_y) — hy(h_g — h_1)(h_o + h_1) + h2(h_1 — h_3))

+ hoh3h? (B2 5(h_y — h_9)(h_th_ o+ hi(h_y + h_1) + h?)
+ hoh2h% B2 o (h_y — h_o)(h_1h_o + hy(h_o + h_y) + h?)
+ hoh2h? QAhAy—h,gUz o(h—1+ h1) + ha(h_1 + h1))
—|—h2h%h2 (h 1—h_2)( 1+h)( 2+h1)
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Fourth addend:
+ hoo(=h3(h? by + WY h3) — hi(h? hy — WL h3) + hi(R2 hs + h® h3))
+ h_oh?(—(h® by + h* | h3) — hl(hz — hA B2 + h3(h2 RS+ B2 h2))
+ h_ 2h2h2 h2( (h_ 1h2+h2 hs) 1(h —h2 )+h%(h2+h_1))
+ h_oh2h® | h3(—h_1ha(hy +h_1) — hi(hy — h_1)(ha + h_1) + h3(hy + h_1))
+ h_ 2h2h2_1h2(h2 + h_1)(—=h_1hy — hi(hs — h,l) + h%)
+ h_ 2h2h2_1h2(h2 + h_ )( h2(h—1 + h1) + h1(h—1 + hl))
+ h_ohih* (h3(ho 4+ h_1)(h_1 + h1)(h1 — hy)
Common factor:
hohih_1h_s
First and second addend (common factor left out):

hoh_1h_3(he + h_9)(he + h_1)(h—g — h_1) + hyhoh_o(h_s + ha)(hy — hy)(h_g + h1)
hah_o(he +h_o)(h_1(he +h_1)(h_o —h_1) + hi(ha — hy)(h_o + hq))

(
hoh_s(hy + h_o)(h_1(ha 4+ h_1)(h—s — h_1) + by (ha — h1)(h_o + hy))
hoh_o(hy + h_o)(hoh_1h_y — hoh® | + h_yh? | — h® | + hohih_g + hoh? — h2h_y — h?)
hoh—a(hs + h_s)(hah_o(h-1 + h1) + ho(hT — h2 ) + hoo(h%) — BY) — (R, + h}))
hoh_5(ho + h_2)((h_1 + h1)(hoh_s + h2(h1 —h- ) + hoo(hoy = hy)) — (hoy + hy)(h2) — hoyhy +
hoh_o(ho +h_3)(h_1 + hy)(hah_o + ho(hy — h_1) + h_o(h_y — hy) — A%, + h_1hy — h3)
hoh_s(he + h_s)(h_1 + hy1)(hah_s + ha(h1 — )+ —o(h_y —hy) — k%, =R+ h_1h)
hoh_y(hy + h_o)(h_1 + hy)(hoh_y + ho(hy — h_y) — h_g(hy — h_y) — (hy — h_)? — hyh_y)
hah_9(ha 4+ h_3)(h_1 + h1)(hoh_9 — hih_1 + (hl h_1)(hy —h_o —hy + h_1))

Third and fourth addend (common factor left out):

hih_1h_o(h_y — h_9)(h—1 4+ h1)(h—2 + h1) + hih_1ho(ho + h_1)(h—1 + h1)(h1 — h2)
hih_1(h_1 + h1)(h_o(h_1 — h_9)(h_o + h1) + ha(he + h_1)(h1 — h2))

hih_y(h_y + hy)(h_yh? 4+ hih_1h_o — h® 5 — hyh® 5 + hohih_y — h3h_1 + hih% — h3)
hih_1(h_1 4 h1)(—h_ 1( h2_2) + h1(h% - h/2_2) + hih_1(ho + h_s) — (hZ’ + h3_2))
hih_1(h_1 4+ h1)(—h_1(hg — h_3)(he + h_2) + hy(hy — h_2)(he + h_2)

+ hih_y(ho + h_9) — (hy + h72)(h§ + h2_2 — hoh_s))

hlh 1(hy + hy)(ha +h_o)(=h_1(hy — h_3) + hi(hg — h_3) + hih_1 — h3 — h*, + hoh_5)
_1(h_y 4+ h1)(ha +h_3)(—=h_1(hy — h_3) + hi(hy — h_3) + hih_1 — (ha — h_3)* — hah_5)
(hoy +h)(ha +h o) (=h_1(hy — h_3) + hi(hg — h_3) + hih_y — (hy — h_3)* — hoh_3)
—1(h_1 4+ h1)(he + h_2)(hih_1 — hoh_o + (ha — h—3)(—h_1 + hy — ha + h_52)

o7
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Common factor (total expression):

hahah_yh_o(h_1 + h)(hy + h_y)



6¢

Factorize further, without common factor

th,Q(th,Q — hlhfl + (hl - h,1>(h2 — h,Q - hl + hfl)) + hlhfl(hlhfl — hghfg + (hQ - h72)(_h71 + hl — hg + hfg))

h3h?y — hoh_shih_y + hoh_a(hy — h_1)(hy — h_g — hy + h_y) + hih* | — hyh_1hoh o + hih_y(hy — h_s)(=h_1 + hy — hy + h_3)
hoh_o(hy — h_1)(hy —h_y — hy + h_y) + hih_1(hy — h_3)(—h_1 + h1 — hy + h_3) + h3h%, + h3h% | — 2h1h_1hoh_,

hoh_o(hohy — hih_g — B} 4+ hih_y — hoh_y +h_1h_o + hih_1 — h%))
+ hyh_y(—=hoh_1 4 hohy — B2 + hoh_y + h_1h_y — hyh_y + hoh_y — h%,) + h2h2 5 + h2h% | — 2hih_1hoh_s

h2hih_y — hohih?, — hoh3h_y 4 hohih_1h_y — h3h_1h_y 4 hoh_1h* 5 + hohih_1h_g — hoh* [ h_,
— hohih? | + hohih_y — h3hih_y + hoh_ohih_y + hih* h o — hih_1h_o + hohih_1h_o — hih_1h*, + h3h%, + hih* | — 2hih_1hoh o

h2hih_y — hohah®y — hoh®h_y — h2h_yh_y + hoh_1h2, — hoh® h_s
— hahyh2 | + hoh?h_y — h2hihoy + hah® hoy — B2h_1h_y — hah B2, + h2h%, + h2h2 | + 2hhyhoh_s

R2(hihs — hyhog — hahoy) + h2y(hah_1 — hohi — hih1) + B2(hah_y — hoh_o — h_1h_s)
+ B2 (hih—o — hah_y — hohy) + B2R2, + h3h%, + 2hih_1hah_s

h2(hi(h—a — h_1) — h_1h_y) + h?5(h_1(ha — h1) — hohy) + h3(=hg(h_gy — h_1) — h_1h_5)
+ h2_1(—h—2(h2 — hy) — hahy) + h§h2_2 + h%h%l + 2h1h_1hoh_o

B2hy(hs — hor) — B2h_shos + ho1h?y(hs — hn) — hahah?y — hoh(h_s — h_1) — h3h_1h_s
— h% h_a(hy — hy) — hohyh? | + h3h% 5 + hiR2, + 2hih_1hoh_o
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(h_y — h_1)(h3hy — hoh?) + (hg — hy)(h_1h*5 — h% |h_o) — hohih®, — h3h_1h_o
— hohih? | — h3h_1h_o + h3h%, + h2h* | + 2hih_1hoh_,

(hy — h_1)(hahi(ha — h1)) + (hy — hy)(heth_s(h_s — h_1)) — hohyh®y — h2h_1h_s
— hahyh2, — B2h_q1h gy + h2h%, + h2h2 | + 2hih_yhoh_s

(h_g — h_1)(hy — hy)(hohy + h_1h_3) — hohih® oy — hih_1h_
— hohih® | — h3h_1h_o + h3h%, + hih* | + 2hih_1hoh_,

h_o—h_y
h_o—h_q

hy — hy)(hy(ha + h_1) + h_s(hy + h_y))
hy — hy

(h—y — h_1)(hy — h1)(hohy + h_1h_3) — hohih? 5 — h2h_1h_y — hohyh? | — h2h_1h_y + hah?®, + h3h% | + 2h h_1hoh_y
(h_g — h_1)(hy — h1)(hahi + h_1h_3) — hoh_s(hih_g — hoh_o) — h_y(h3h_o — h2h_y 4 hohih_y + h3h_5 — 2h1hoh )
(h—_y — h_1)(hg — h1)(hohy + h_1h_3) + hah_o(h_s(hy — h1)) — h_y(h?h_o — h2h_y + hohih_y + h2h_o — 2h1hoh_s)
(h_y — h_1)(hy — hy)(hohy + h_1h_3) + hoh_o(h_o(ha — h1)) — h_1(h_o(h? + h3 — 2hihy) — hih_1(hy — hs))

(h—g — h_1)(ha — h1)(hohy + h_1h_3) + hoh_s(h_2(ho — hl)) — h_y(h_a(hg — h1)? + hih_y(hy — hy))

(h_y —h_1)(hy — hy)(hohy +h_1h_5) + (ha — )(h2h22) h_1h_o(hy — h1)? — hih?,(hy — hy))

(h_g — h_1)(hy — hy)(hahy + h_1h_3) + (ha — h1)(hah 2 h_1h_s(hy — hy) — hih%)

(h—g — h_1)(hg — h1)(hohi + h_1h_3) + (ha — h1)(h — hoh_1h_9 + hih_1h_5 — h1h2_1)

(h_g — h_1)(hg — hy)(hahy + h_1h_3) + (ha — hy)(hs (h s—h_1)+hih 1(ho—h_y))

(h_g — h_1)(hy — hy)(hohy +h_1h_5) + (ha — hl)(h,2 — h_1)(hah_a + hih_y)

(h—o —h_1)(hge — h1)(hohy + h_1h_o + hoh_o + hih_4)

(h—g — h_1)(ha — h1)(hahi + h_1h_o + haoh_g + hih_;)

( ) )

( ) )

ho +h_1)(hy + h_s)



Factorized denominator:
h2h1h71h72<h71 + h1)<h2 + hfg)(hfg - h,1)<h2 — h1)<h2 + hfl)(hl + h,Q)

Now for the numerator.

e(g(pv — qu) — k(ov — qt) + l(ou — pt))
— m(b(pv — qu) — c¢(ov — qt) + d(ou — pt))
+ r(b(kv — lu) — c(gv — It) + d(gu — kt))
—w(b(kq — lp) — c(gq — lo) + d(gp — ko))

Substitutions:
b =h] c=h} d =h} e =(Pir1 — ¢i)
g=h*, k=—h, l=h?, m =(¢i-1 — ¢i)
0 :hg p :hg q :hg T =(Pir2 — ¢i)
t :h2_2 u=— h:ig (% :h/iQ w :(¢i—2 - ¢z)

(Pia1 — &) (W2 (h3h1y + h3h®,) + % (h5hty — hah?,) — bt (h3h? 5 + h3h?,))
— (dim1 — @i) (Wi (h3h%y + h3h?,) — Ri(h3h%, — hah?,) — hy(h3h?, + hah?,))
+ (G2 — o) (WF(=h2 hLy + BL A2 o) — BI(R2 By — WL R2,) + Bi(=h2 B2, + W2 h2y))
— (¢i2 — @) (hF(=h2 by — h2 h3) — hi(h% hy — h%1h3) + hy(h2 b3 + h®,h3))
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We can now see what the finite difference coeflicients will be:
a; =
h2 . (h3hty, + hoh®,) + h3 (R3h%, — hah?,) — h* (h3h®, + hih2,)
h2h*  h%, (h2h2_2 +h3h o+ h_y(h*y — h3) — h? (h_o + hy))
h3h? h? 5 (hah_o(h_o + ho) + h_1(h_y — ho)(h_o + h3) — h%,(h_o + hy))
h3h2 1 h2 o (h_y + ha)(hoh_g + h_1(h—s — hg) — h% )
hah? (h? 5(h_g + ho)(h_o(hy + h_y) — h_1(hg + h_1))
hah2 (02 5(hs + h2)(hy + ho1)(h— — h-1)
B h2h2 W2 5(h_s + ha)(hg + h_1)(h—s — h_1)
 hohih h_o(h 1+ hy)(hy + h_a)(h_o — h_1)(ha — hy)(ha + h_1)(h1 + h_5)
B hah_1h_s
“hy(h_y 4+ hy)(hy — hy)(hy + h_s)

a1

ai

a_; =
— hi(h3h%, + hah®,) + hi(h3ht, — hah?,) + hi(h3h?, + hih2,))
h3hih? o(—hoh?® o — h3h_5 + hy(h%y — h3) + hi(h_o + hy))
hohihZy(=hahZy — h3h_s + hi(h2y — h3) + hi(h-z + hs))
h3hih? o(—hoh_o(h_o + hg) + hi(h_g — ha)(h_g + hy) + hi(h_o + ho))
hah2h2,(h_g + ho)(—hoh_o + hi(h_o — hy) + h3)
hahih2y(hos + ho)(—h_a(ho — h1) — hu(hs — h1))
— hZh3h2,(h_g + ha)(hg — hi)(h_o + hy)

h2h3h2 5 (h_o + hy)(hy — hy)(h_y + hy)

 hohyh_yth_a(hoy + hy)(he + h_s)(h_s — h_y)(ha — hy)(ha + h_y)(hy + h_5)

- hahih_s
hoy(ho1 + h1)(h—s — h_1)(ha + h_1)

(R(=hZ Ay + W1y h2y) — Ri(hZ ALy — K1y h2,) + Ri(=hZ A2y + % h2y))
hihZ 02y (—=h-th_s(h-z —h_1) = h(hZ, — b2 1) +hi(=hos+ h_y))
hihZ 02y (=hyh_a(h-y —h_1) = i (hg — ho1)(hog + h_1) = hi(h_o — h_1))
212 B2y (hs — ) (—h_1h s — hi(hs + h_l) R
h3h% h%y(h_o — h_1)(=h_o(h_1 + h1) — hi(h_1 + h1))
22 B2 (h s — b)) (Bt + ha)(Bs + )

hih? (W2 o(h g —h_y)(h_y + ) (h_g + 1)

T hghah ch o (hoy + h)(ha + fa2)(h—a — h)(ha — h1)(ha + ho1)(hy + h_o)

hih_1h_o
ha(ha 4+ h_2)(ha — hy)(ha + h_1)

a9 — —



a_o =
— (=R3(h3 by + hE R3) — h3(h2 hy — h* (h2) + hi(h? (b3 + B3 h3))
h2(h2 (hs + h* B3 + hy(h2 h3 — h* [ h2) — B2(R% 3 + h3 | h2))
hih? h3(h_1h3 + h® hy + hi(h3 — h?,) — hi(ha + h_1))
h2h% b2 (h_yho(hy 4+ h_1) + hi(hy — h_1)(hg + h_y) — h3(hy + h_y))
hih? (ha(hy + h_1)(ha(h_y + hy) + hi(=h_1) — h3)
hih? h3(ha +h_1)(h_1 + hy)(ha — h1)
h2h% h3(hy + h_y)(h—1 + h1)(hy — hy)
hahih_1h_o(h—1 + h1)(ha + h_g)(h—oa — h_1)(ha — hy)(ha + h—_1)(h1 + h_2)
hih_1hs
h_o(hy +h_o)(h_o — h_1)(hy + h_s)

aA_9 =

a_9 =

ag =— (a_y+a_1+ay + as)

A.2.2 FD approximations of 2nd derivative
Central difference, interior points

h? h3
Giv1 =¢; + hid; + ?Lébg + qu + O(h4)
h2
2 'L

h'— "
Gi—1 =¢; — hi_19; ;’7,1@ + O(h*)

Eliminate first derivative:

h; h; h2 h; h?
) 7 =1 ? | ? i—1
¢z+1 + hi—l(bz 1 ¢z ( + hi—l) + Qb ( 92 hi—l 2 >

R} h; h}
mol "t v i—1 4
+%<& h%1a>+0m)

hi_1h? + h;h?_ hi_1h? — h;h3_
hi—1Gi1 + higi—1 = ¢i(hi—1 + ;) + ¢ ( S : 1) + ¢} ( o 3] : 1) + O(h?)

2

" " hz—lhl(hz2 B h?_l)
2hi_1¢iv1 + 2hipi—1 = 2¢;(hi—1 + hi) + &; (hiihi(hi + hi—1)) + 29 3] + O(1

hi_1h;(h? — h?_ |

¢;’ (hi—thi(hi + hi—1)) = 2 (hi—1¢ip1 + hidio1 — di(hica + hy)) — 2¢;// ( 1hi( ?j! i 1)) i O(h?
v o [(hic10i1 + hidiy — i(hi—y 4 hy) o M )

=2 ( hi_1hi(h; + hi_1) ) 2¢; < 3! ) + O(h%))
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Second order accuracy for h; &~ h;_;. The O-notation is sloppy in this in-
stance; it kind of assumes approximately uniform grid.

lgb'»' _ hio1¢it1 + hidi1 — @i(hi1 + hy)

27" hi—1hi(h; 4+ hi—1)

lqﬁ’f _ hi—1¢i1 " hipi—q B —¢i(hi—1 + hy)
27" hizihi(hi + hiz1)  hicahi(hi +hizh)  hioihi(hy + hizq)

1, 1 1 1 1
30 = Qit17 7 T Qi — @i +
2@ b1 hi(hi + hi_1) ¢ 1hi71(hi + hi1) ¢ (hi<hi +hi—1)  hioa(hi + hil))
(A.2.6)
Forward/backwards difference, edges
h2 h3
Gir1 =¢i + hid + é@l + ?TZ,@H +O(hY)
hi + hiy1)? hi + hiq)?
bira =i + (hi + hip1) @) + ( 5 +1) ¢; + ( 3] +1) ¢ + O(h?)
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Eliminate third derivative:

hi + hit1)? hi + hit1)? hi + hi1)?
Diya — (hgﬂ)@ﬂ = ¢ (1 = (h3+1)> + &; ((hz' + i) — <h3+1)

¢" hZ(hi + hiy1)?
R I

(2

>+Owﬂ

B pivo — (hi + hiz1)’Pis1 = @i (h — (hi + hit1) ) + ¢; (h?(hi + hiv1) — (hi + hi+1)3)
Lo <h3(h + his1)? = B3 (hi + hia)?) + O(A)
R dio — (hi + his1)*dis1 = ¢ (h? — (hi + hi+1)3)

0 (et he) (B = (b)) + 2 (e + e PR20 — (bt his)) + O(07)

h?¢i+2 — (hi + hi+1> i1 = @i (hg (hi + hi+1)3)

+ ¢ ((h + higa) (B — (hi + hita) )) o ((hz + hi+1>2h?hi+l> + O(h")

gzl” — ¢ ((hi + hir) (h7 — (hi + hz‘+1)2)> —
(hi + hig1)?hZhi
¢; ( hi — (hi + his)® ) s < (hi + hig1)® )
"\ (hi + hig1)?hihig T\ (B + b1 )2h2hi

h3
= b ((hz + hiv1)?hZhis

>+Om%

ﬂ/ + ¢ (hi + hi-i-l)(h? B (h,- + hi+1)2) _
(hi + hig1)?hZhisa

3 _ . . 3 . .
+@<ﬁ (m+mﬂ)>+%ﬂ<m+mﬂ>

hi + hiv1)?hZhis hihitq

h.
— Q; : +Oh2
¢“<w+mHWmJ (=)

For the Neumann boundary condition ¢’ = 0, we have the following expres-
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sion for the points on the edges:

ol h3 — (h; + hig)? hi + his1
- = ¢ 272 + @i | —5——
2 (hi 4+ hiv1)?hZhi h2hyq

— Qit2 <( b ) +O(h?)

hi+ hiy1)*hig

A second order forward difference approximation with no Neumann bound-
ary condition have been useful earlier:

h2 h3
Giv1 =¢i + hid; + EZ@/ + S*Z,Cb;” + O(h*)

(hi + hi+1)2

(A.2.7)

o, (hit hiy1)?

Gira =i + (hi + hiv1)@) + 5 o + 3] ¢! + O(h*)
hi hz hz 2 " hz hz hz 3 "
Girs =i + (hi + his1 + hiya) @ + (b ¥ J; L) ¢i + (ha + +§,+ 1) ¢+ O(h*)
Or:
h? h3

Giv1 =0 + hid; + é% + 3*,1@” + O(h?)

h2 h3
¢m=@+m¢+§w+§%%0m%

B, 18

Givs =¢i + hsd; + 5 ¢ + Bf?ﬁb;” + O(h*)

This constitutes the linear system:

6hy 3h2 R3| [¢) 6(pit1 — i)
6hy 3h3 h3| |7 | = |6(dire — &)
6hy 3h: h3| |4 6(¢irs — i)

Make some substitutions:

6a 3b ¢ / [6m.
6d 3e f| |¢9]| = |6n
6g 3k 1] |o"| |60

Cramer’s rule:

6a 6m

6d 6n

6g 6o
6a 3b

6d 3e

6g 3k

~ <~ O

Ui
(bi =

~ <~ O
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s —6m(6dl —6fg) + 6n(6al — 6cg) — 6o(6af — 6ed)

@__—%@ﬂ—Gﬂﬁ+3d%ﬁ—&w—3M&U—6M)
_ 6-6-—m(dl — fg) +n(al —cg) —o(af — cd)
3.6 —b(dl — fg) +e(al — cg) — k(af — cd)

—m(dl — fg) +n(al — cg) — o(af — cd)

—b(dl — fg) + e(al — cg) — k(af — cd)

L., —m(dl— fg)+n(al —cg) —o(af — cd)

2% = —b(dl — fg) + e(al — cg) — k(af — cd)

—2.

substitute back:

a=hy b :h% c :h‘;’ m =(¢ir1 — ¢;)

d = hs e =h; f =h3 n =(Pir2 — &)

g=nhs k =h3 I =h; 0 =(dir3 — ¢:)
1, —(@ir1 — ¢i)(hahi — hihs) + (dire — ¢i) (hahg — hihs) — (divs — @) (hah3 — hiho)
2" —hi(hoh3 — h3hs) + h3(hihi — hths) — hi(hih3 — hihs)

Simplify denominator:

—hi(hohs — hihs) + h3(hihy — hhs) — h3(hihiy — h3hs)
hihohs(—hy(h3 — h3) + ho(h3 — hY) — me h?))
hihohs(—hih3 + hih3 + hohi — hohi — hs(h3 — h3))
hihohs(ho(hihy — h3) + h3(hy — hy) — hs(h3 — h3))

hihahs(hy(hi(he — hi)) 4 h2(hy — hy) — hg(hy — )(hg—%in))
hihohs(hy — hy)(hohy + b3 — hs(hy + hy))
m@mwaM(hﬂ@—hﬁ+mmy4m)

hihahs(hy — hy)(hs — h1) )

(hs — ho
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Our finite difference coefficients are now:
h3hs — hghg

T hihahs(hy — hy)(hs — hn)(hs — ha)
. hohs(hy — h3)(hs + hs)
" hihahs(ha — hy)(hs — hi)(hs — ho)
B ho + hs
~ hi(hy — h1)(hs — hy)
_ 2hi+2hia + higo
— hihiga(Bigs + hita)
. hihd — h3hs
" hihohy(ho — ha)(hs — ) (hy — ha)
0 hihs(hs — hi)(hs + hy)
hihahg(ho — hi)(hs — h1)(hs — hs)
4y — hs + hy
ho(hs — hi)(hs — h)
0y = 2h; + hip1 + higo
hivihiza(hi + hiy1)
N hih3 — B3hsy
’ hihahs(hy — hy)(hs — h1)(hs — hs)
a5 = — hyiho(he — hy)(he + h)
hihahs(hy — hy)(hs — hi)(hs — hs)
- ho + hy
hs(hs — hy)(hs — hy)
2h; + hipq
as = —

hi(hi + hiv1 + hivo)(hiz1 + hito)

ap = — (a1 + as + as)

The same type of equation is used on the corner as in the uniform case,
for instance in the lower left corner, s =1, 7 = 1:

l(gb’,’ + ¢’,’) = ¢; h? _ (hi + hi+1)3 h? B (hj + hj+1)3 . hi + hita
PR "\ (hi + his1)?hZhiy  (hy + hj1)2R2hyn T R2hi

hi h; + h‘+1 h.;
— & g () j ) O
Vit ((hz‘ + hi+1)2hi+1> Oin ( h3hjia ) P2 ((hj + hji1)?hj ()
(A.2.8)
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A.3 Finite Difference Approximations for Pois-
son’s Equation and Calculation of Elec-
tric Field - Summary

i=1,j=N, 0= Nayj = Ny

Figure A.1: Discretized device with colors corresponding to appropriate FD-
approximation of poisson’s equation at that point
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A.3.1 Uniform Grid Spacing

BLUE interior points:

h2

RED Neumann boundary (zero flux through surface):
left

o . .. . ‘ RN S .
—?P(Z,]) :¢<Za.7 - 1) o ?QS(%]) + ¢<Z7j + 1) +4¢(Z + 17]) - §¢(Z + 27])

right

h? 1 11
= pli,3) =(i.J = 1)+ 460 — 1,5) = 560 = 2.4) = 5 0(i.4) + 6(i. + 1)

bottom

n* . 11 . . . L,
= p(5) =0(i = 1,5) = 5 0(0,7) + (i +1,5) + 4(6, j + 1) = 56(i, 7 +2)
top

h* . . . T, . IR . .
_?p(l,]) :¢(Z - 17]) +4¢(Zaj - 1) - §¢(17] - 2) - ?Qb(l,j) + ¢(Z + 17.])
GREEN points directly below contacts:

h* . . . . . . .
——p(6,7) = (6, ] +1) =6(i = 1,5) + 6(i,j = 1) = 46(i, ) + (i + 1, )

ORANGE corner points, calculated after BiCGStab is finished:
bottom left, s = 1,7 =1

2
=) = ~TOG) + 490+ 1,4) — 500+ 2,5) + 460+ 1) = 30(isj +2)

bottom right, i = N,,7 =1

2 1 1

top left, 2 =1,7 = N,

h? 1 1
top right, ¢ = N, 5 = N,
h? 1 1
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A.3.2 Non-uniform Grid Spacing

We still refer to figure [A.T], but imagine that the grid spacing is not uniform.
hy (i) and hy(j) is the grid spacing between points ,j and ¢ + 1,7 + 1, i.e.
he(i) = xipq — @4

BLUE interior points (from equation (A.2.6)):

1 Hi+1.4) i~ 1.4)
2 T R0+ G = 1) T Rl D)+ = 1)
T\ ha (e (i = 1)(he (i) + ha(i = 1)) Dy (5)hy(5 = 1) (hy(5) + y (5 — 1))
hy () (hy(7) + hy(G = 1)) hy(G = 1)(Ry(5) + 1y (G = 1))
RED Neumann boundary (from equation (A.2.6|) and (A.2.7)), zero flux through
surface):
left
Lo , : (he(i) + hy(i + 1))
_QJ“”):_¢“+L”(m@ﬁ—«muw+m@+1»>
: : hy(1)?
+W””((h<>+h<z+1>><<> FTRET)
( () ha(i+1))° n hy(G = 1) + hy(5)
ha (1) = (ha (i) + ha(i +1))) By ()hy (G = 1)(hy(7) + Ry (5 =1
. Wiien R )

hy () (hy(3) + hy(G = 1)) hy(5 = D) (hy(5) + hy(5 = 1))

right

~gepl63) = ot~ (e SR e )
. he(i —1)3
o0 Z”(waw—> B — 2))2 (i — 1) — MA%4J+%@—%D>
py ])< ho(i —1)3 — (hp(i — 1) + hy(i — 2))?
DN o= 1) + B = 20)2 (i — 1% = (i — 1) + hli — 2)))
)

hy(5 — 1) + hy(5)
By )y = Dy (5) + by G =1

sij+1) 8li.j = 1)
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+
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— 5. P(67) = —o(i+1,5) (hx(z‘)?’ — (ho(i) + he(i + 1))

. . h(i)?
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Appendix B
Solving for NUM

SUBROUTINE updateGridSpacing(Ex, Ey, init)

IMPLICIT NONE

LOGICAL, INTENT(IN) :: init

REAL (KIND=dbl), DIMENSION(:,:), INTENT(IN) :: Ex

REAL (KIND=dbl), DIMENSION(:), ALLOCATABLE :: fracx, nk, gridhits
REAL (KIND=dbl), DIMENSION(:), ALLOCATABLE :: Lk, LkO

INTEGER :: i, j, ii, ip, ib, ie, hn, LNx, corr, iimax, first
INTEGER :: hits, hiti, done, mininfrac, mininO, signfhO, restart
REAL(KIND=dbl) :: xpos, fac, acl, acr

REAL (KIND=dbl) :: xposprev, xL, akO, hO, hOnext, hfrac

REAL(KIND =DBL) :: Exjsum, Exijsum, Exrest

REAL(KIND=DBL) :: tmp, smoothL, hl, ac, aprev

REAL(KIND=DBL) :: maxin, maxinl, sec

REAL(KIND=DBL) :: hOl, hOr, fachOl, fachOr, hOprev

IF (allocated(xgridNew)) DEALLOCATE(xgridNew)
ALLOCATE (xgridNew (Nx))

hits = 9 /Number of xz—positions we want to fit a gridpoint exzactly
mininfrac = 10 !/Minimum number of grid points in a given interval

!mazin0, biggest ratio of number of gridpoints total of interval
maxin0 = (1.01_dbl#+REAL(Ny/mininfrac))/(0.99**REAL(Ny/mininfrac))

smoothL = Lx/(mininfrac*2 dbl) /Length of intervals
LNx = int(Lx/smoothl) !Number of intervals
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ALLOCATE(fracx(Nx), nk(LNx), gridhits(hits))
corr = O

minin=0

minin0 = 10

LNx = int(Lx*2 dbl/smoothL)
IF (allocated(Lk0)) DEALLOCATE(LkO)
ALLOCATE (LkO(LNx))

!Positions WHERE one wants a gridpoint
gridhits(1) = LRim

gridhits(2) = LRim+Lxcrp

gridhits(3) = x1N

gridhits(4) = x1Np

gridhits(5) = x2Np

gridhits(6) = x2N

gridhits(7) = Lx-LRim-Lxcrp

gridhits(8) = Lx-LRim

gridhits(9) = Lx

!Find the length of the intervals
done = 0
DO WHILE (done == 0)

hiti = 1 /Gridpoint position number to look for
LNx = 1 !Number of intervals

i=1

xpos = smoothlL /current position

xposprev = 0_dbl /previous position

DO WHILE (xpos<Lx)

!'Tf position is bigger or equal to a position that's beging looked
ITHEN adjust the length of interval to hit position exzactly
IF (xpos>=gridhits(hiti)) THEN
IF (xpos==gridhits(hiti)) THEN

Lk0(i) = xpos-xposprev

XpOSpPrev=xpos

xpos = xpos+smoothL

i=i+1
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hiti=hiti+1
ELSE IF (xpos-gridhits(hiti) <= smoothL/2 dbl) THEN
xpos=gridhits(hiti)
Lk0(i) = xpos-xposprev
XpOSprev=xpos
Xpos = xpos+smoothL
i=i+l
hiti=hiti+1
ELSE IF (i>1) THEN
IF (xposprev == gridhits(hiti-1)) THEN
xpos=gridhits(hiti)
Lk0(i) = xpos-xposprev
XpOSprev=xpos
xpos = xpos+smoothL
i=i+1
hiti=hiti+1
ELSE
i=i-1
xpos = gridhits(hiti)
Lk0(i) = LkO(i)+(xpos-xposprev)
XposSprev = Xpos
Xpos = xpos +smoothL
i=i+1
hiti=hiti+1
END IF
ELSE IF (i==1) THEN
xpos=gridhits(hiti)
Lk0(i) = xpos-xposprev
XpOSprev=xpos
xpos=xpos+smoothL
i=i+1
hiti=hiti+1
END IF
ELSE ! Interval doesn't contain any postitions to be hit exactly
Lk0(i) = xpos-xposprev
XpOSpPrev=xpos
Xpos = xpos+smoothL
i=i+l
END IF

IF (xpos >= Lx) THEN
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IF (xpos==Lx) THEN
Lk0(i) = ypos-yposprev

i=i+l
ELSE IF (xpos-Lx < smoothL/2 dbl) THEN
xpos = Lx
Lk0(i) = xpos-xposprev
i=i+l
ELSE IF (xposprev == gridhits(hiti-1)) THEN
xpos = Lx
Lk0(i) = xpos-xposprev
i=i+1
ELSE
i=i-1
xpos = Lx
Lk0(i) = LkO(i) + xpos-xposprev
i=i+1
END IF
Xpos = xpos+smoothL
END IF
END DO
LNx = i-1

IF (LNx > mininfrac) THEN

smoothl = smoothL*1.01 dbl

ELSE
done = 1
END IF
END DO
ALLOCATE (Lk (LNx))
Lk = 1 _dbl
DO i=1,LNx
Lk(i)=Lk0(i)
END DO
DEALLOCATE (LkO)
DEALLOCATE (nk)
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ALLOCATE (nk (LNx))

IF (init) THEN

DO i=1, LNx
nk(i) = REAL(Nx-1)#*Lk(i)/Lx
END DO

nk=nint (nk)

tmp = REAL(Nx-1)-sum(nk)

IF (abs(tmp)>0) THEN
ii=maxloc(nk,1)
nk(ii) = nk(ii)+tmp

END IF

ELSE
fracx = 0_dbl
DO i=1,Nx
tmp = 0_dbl
ExjSum = 0_dbl
Exrest 0_dbl
DO j=1,Ny
tmp = ExjSumt+Exrest+abs(Ex(i,j))
Exrest = (abs(Ex(i,j))+Exrest)-(tmp-ExjSum)
ExjSum = tmp
END DO
fracx(i) = ExjSum
END DO

fracx=fracx/sum(fracx)
corr = 0
minin = O

DO WHILE ((minin < mininO).or.(maxin > maxinO))

tmp = sum(fracx)/size(fracx)

IF (corr>0) THEN
fracx = fracx + REAL(corr)*tmp/100 dbl
fracx=fracx/sum(fracx)

END IF
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IF (corr == 1000) THEN
fracx = 1 _dbl
fracx=fracx/sum(fracx)

END IF

ip=1
tmp = 0_dbl
DO i=1, LNx-1

tmp = tmp+Lk(i)

call NECindx(tmp, j)
nk(i) = sum(fracx(ip:j))
ip = j+1

END DO

nk(LNx) = sum(fracx(ip+1:Nx))

nk = nk/sum(nk)

fracsmooth = real (Nx-1)*fracsmooth
nk = NINT(nk)

tmp = REAL(Nx-1)-sum(nk)
IF (abs(tmp)>0) THEN
ii=maxloc(nk,1)
nk(ii) = nk(ii)+tmp
END IF

minin = nk(1)/Lk(1)
maxin = 0_dbl
DO i=1, LNx
tmp = nk(i)/Lk(i)
if (tmp<minin) THEN
minin=tmp
END IF
IF (tmp>maxin) maxin=tmp
END DO
maxin = maxin/minin
minin = minval (nk)
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IF (corr>=1000) EXIT

corr=corr+1

END DO
END IF

tmp = REAL(Nx-1)-sum(nk)
IF (abs(tmp)>0) THEN
ii=maxloc(nk,1)
nk(ii) = nk(ii)+tmp
END IF

hn = nk(ii)

xL = Lk(ii)
done = 0

hO = hOsx

hfrac = 1.1 dbl
first = 1
hONext = hO

sec = 0
restart =
iimax = 0
hOprev=0_dbl

0

DO WHILE (done==0)

ii=1

ak0 = 1 dbl
hn = nk(ii)
xL = Lk(ii)
h1=h0

acl = 0 _dbl

facl = xL-hl
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fac = facl

IF (hO>hOex) then

hO=hOnext

hfrac=1 dbl+(hfrac-1 dbl)/5 dbl
END IF

DO WHILE (fac>=0_dbl)
ac = acl+0.1 dbl
aprev = akO

fac = hil
tmp = hil
DO i=2, hn

tmp=tmp*aprev

fac = fac+tmp

aprev=aprev*ac
END DO

fac = xL-fac

IF (fac>=0_dbl) THEN

acl = ac
facl =fac
END IF

END DO

acr = ac

facr = fac

tmp = hl

fac = 1 dbl

corr=0_dbl

DO WHILE (abs(fac) > tmp+*1.D-10)
ac = (acl+acr)/2 dbl
tmp = hl
fac = hil
aprev = ak0
DO i=2, hn
tmp = tmp*aprev
fac = fac+tmp
aprev = aprev*ac
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END DO
fac = xLL - fac

IF (fac > 0_dbl) THEN

acl = ac

facl = fac
ELSE

acr = ac

facr = ac
END IF

IF (corr>1000) exit
corr=corr+1

END DO

ib = 1

ie = ib+hn-1

hgx(ib) = hi

xgridNew(ib) =

xgridNew(ib+1)

aprev = akO

DO i=2, ie
hgx(i) = hgx(i-1)*aprev
xgridNew(i+1) = xgridNew(i) + hgx(i)
aprev=aprev*ac

END DO

xgridNew(ie+1) = xL

hgx(ie) = xgridNew(ie+1)-xgridNew(ie)

ak0 = aprev

0_dbl
= xgridNew(ib) +hgx(ib)

DO ii=2, LNx-1

IF (ak0>1.2 dbl.or.ak0<0.8 dbl) then
restart=1
exit

END IF

IF (ii>=iimax) then
IF (ii>iimax) then
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iimax = ii
hOnext = hO/(hfrac**2)

ELSE IF (first==1 .and. sec == 0) then
hOnext = h0/(hfrac**2)
END IF
END IF
hn = nk(ii)
xL = Lk(ii)

hl = hgx(ie)*ak0
acl = 0 _dbl

facl = xL-hl

fac = facl

DO WHILE (fac>=0_dbl)

ac = acl+0.001 dbl
aprev = akO

tmp = hl
fac = hil
DO i=2, hn

aprev = aprev*ac

tmp = tmp*aprev

fac = fac + tmp
END DO

fac = xL-fac

IF (fac>=0_dbl) THEN

acl = ac
facl = fac
END IF
END DO
acr = ac

facr = fac

corr = 0
fac=1 dbl
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tmp=1_dbl
DO WHILE (abs(fac)>tmp*1.D-20)
ac = (acl+acr)/2 dbl
tmp = hl
aprev = akO
fac = hil
DO i=2, hn
aprev=aprev*ac
tmp = tmp*aprev
fac = fac+ tmp
END DO
fac = xL - fac

IF (fac>0_dbl) THEN

acl = ac

facl = fac
ELSE

acr = ac

facr = fac
END IF

corr = corr +1
IF (corr>1000) EXIT
END DO

ib=ie+1
ie =ib+hn-1

hgx (ib) = hi
xgridNew(ib+1) = xgridNew(ib)+hgx(ib)
aprev = ak0
DO i=ib+1, ie
aprev=aprev*ac
hgx(i) = hgx(i-1)*aprev
xgridNew(i+1) = xgridNew(i)+hgx(i)
END DO
xgridNew(ie+1) = xgridNew(ib)+xL
hgx(ie) = xgridNew(ie+1)-xgridNew(ie)
ak0 = aprev
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ak0 = aprev

END DO

IF (restart == 1.or.(ak0>1000 dbl .or. ak0<0.001)) then
restart = 0O
hO=hO*hfrac

cycle
END IF
ii=LNx
iimax = ii
hn = nk(ii)
xL = Lk(ii)
hl = hgx(ie)*ak0
ac = akO**real(l dbl/real(l dbl-REAL(hn)))
ib = ie+l
ie = ib+hn-1
hgx(ib) = hi

xgridNew(ib+1) = xgridNew(ib) + hgx(ib)
aprev = akO

DO i=ib+1, ie
aprev=aprev*ac
hgx (i) = hgx(i-1)*aprev
xgridNew(i+1) = xgridNew(i) + hgx(i)
END DO

fac = Lx-xgridNew(ie+1)

IF (first == 1) then
signfh0 = int(fac/abs(fac))
hOsx = 0.85_dbl+h0
IF (init) hOsx = 0.6 dbl*hO
hOnext = hO/(hfrac**2)
first = 0
sec = 1
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hOl = hO
fachOl = fac
hO=hO*hfrac
ELSE IF (sec == 1) then
IF (signfhO == int(fac/abs(fac))) then
hO=hOx*hfrac
ELSE
sec = 0
hOex = 1.2 dbl*hO
IF (init) hOex =h0*1.5 dbl
hOr = hO
fachOr = fac
END IF
ELSE IF (abs(fac)<1.D-10) then
done = 1
ELSE
IF (int(fac/abs(fac)) == signfh0) then
hOl = hO
fachOl = fac
ELSE
hOr = hO
fachOr = fac
END IF
hO0 = (h01+hOr)/2 dbl
IF (hO==hOprev) done = 1
hOprev=h0

END IF
open(10, file="hgxn.dat", ACTION="WRITE", status="replace")
DO i=1, Nx-1
WRITE(10,%) i, hgx(i)
END DO
CLOSE (10)
END DO

xgridNew(Nx) = Lx
hgx(Nx-1) = Lx-xgridNew(Nx-1)

END SUBROUTINE updateGridSpacing
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