Massachusetts Institute of Technology
Physics 8.03
Exam 1 Solutions
Thursday, October 14, 2004

Problem 1

Without slipping: when the center of the wheel moves a distance x, the wheel has rotated an angle
0 = 57527 = % radians. Angular velocity w = 6 = 5, thus the velocity of the center of the wheel
v=wR.

ANRAAAANY

(a) The total energy at = point is

1,2

1 1 1 1 1 1
Etot($) = 5]{3.’E2 + §M’U2 + 5[&)2 = 5]{3172 + §Mx2 + §MR2R2

1
= ika +Mi* (1)

(b) Time derivative dE/dt = 0 gives

OMi + kx =0 (2)
(¢) The angular frequency is
k
Problem 2
(a) v~ 340 m/sec is the speed of sound in air (measured during lecture on Oct. 5).

(b) The sound wave in this pipe is shown in the following figure. Where £ represents the position
of the air molecules, and p % is the pressure over and above 1 atm.

At the closed end there is always a node in £ and an anti-node in p. At the open end, there is
always an anti-node in £ and a node in p. Thus, in p space we only have the cos term because
B=0.
The boundary conditions are

p(z=0,t=0)=py=A (4)

and at any time £,

p(z = L,t) =0=pgcosk,L (5)



Therefore

NOTICE: at any time, p(z = L,t) = 0 thus

. —Po
0=pocosk,L + Bsink,L = B =

tan(k, L) = oo for any n. This is consistent with B = 0.

And

This can be found by substituting p(z,t) = pg cos kz coswt into the wave equation.

% = —poksinkzcoswt

% = —p0k2 cos kz cos wt

% = —powcoskzsinwt

g—ig = —pow2 cos kz cos wt
Thus

—pok? cos kz coswt = — U%png cos kz cos wt
which leads to
k2 = c;_j = w =0k

L=05cm, k=m =X\ =7 =2m (\ =4L).
M=F = fi=2=20=170 Hz.
k2:37r:>)\2:z—’2r:§m:>f2:§’i/g:510Hz:3f1.

tan(ky, L)

(12)

(13)



Problem 3
(a) The equations of motion for each mass are
M1y, = —7sinf; + 7 sinfy (14)
M = —7 sinfy + 7 sinfs (15)
Using the small angle approximation that sinf ~ tan 6, we get

Y2 — Y1 . y2 —h
== sin 03 ~

L L

. 1 .
sin 01 ~ yf sin 0y ~

h(t) = hy cos(wt)

Taking h(t) = ho coswt and w3 = ﬁ, the equations of motion are
Yi+2wiy —wiya = 0O (16)
o +2wiys —wdyr = wihp coswt (17)

(b) Inserting trial solutions of the form y;(¢) = C; coswt into the differential equations, we get

( (2“’i:8w2) (wg‘i%w?) ) ( g; ) _ ( wgoho > (18)

The frequencies of the normal modes are given by the roots of the determinant of the matrix,

ie.
(2w§—w2)2—w§:0 = 2w —w? = 4w (19)
= Wwi=uw (20)
wy = 3wl (21)
(c) Using Cramer’s rule,
0 —w3
2 2 _ 2
—wghy (2wg —w?) wg ho
O TR B ) (F ) Bl ) 2
(2wE — w?) 0
2 2 2 2 _ 2
—Wwp —wj ho wi ho (2w§ — w?)
= == 2
R N v ) R P TRy -

1 2
AthO, Clzgho andC’2:§h0.



NOTICE: at w = v2w,, C1 = —h,, and Cy = 0. Object 2 stands still while object 1 is oscillat-
ing with amplitude h, 180 degrees out of phase with the driver. Rather strange, isn’t it? This
bizarre behavior was demonstrated in three different ways in lectures.

(d) C1 is plotted in blue and Cy is the red curve in the figure.

5

Problem 4
Steady state solution:

(a) z(t) = xocos(wt — J)

Fo/m wry

Rt i T 24
Here w = wg = a9 = miow and § = 3.

0 7T Fo . .
t) = t——)= t= t 25
x(t) P cos(wo 2) o sin wot = 2 sin wy (25)

(b) x(t) = zpsin(wot — 0), all else is the same. Thus

x(t) = mw(zw sin(wot — g) = Tr:woofy coswot = —xg coswot (26)



(¢) t > 0 General solution: transient + steady state w = wy.

— 10 -1t / 12 2 7
t) = t+ Ae 2 t =wj — — 27
x(t) o coswot + Ae™ 2" cos(w't + ) w WO~ (27)

The first term is the steady state solution and the second term is the transient part.
Initial condition: z(¢ = 0) follows from the steady state solution Eq. (25) prior to t = 0. That
steady state solution: z(t) = F%W sinwopt = zgsinwpt = z(t = 0) = 0. Important!

mw
From the general solution expression Eq. (27)

z(t=0)=0= —xo+ Acosa=0= 29 = Acosa (28)
#(t = 0) also follows from the steady state solution Eq. (25) prior to t = 0.
T = zowp coswot = &(t = 0) = zowy (29)
The time derivative of the general solution Eq. (27)
T = woxg sin wot — %A(f"’t/2 cos(w't + o) — Ae™ "2 sin(W't + «)

Matching the initial condition #(¢ = 0) = zowp gives us

#(x =0) = zowy = %PYA cosa — Aw'sin o (30)
Noticing from Eq. (28) we have A = 2~ therefore
wo = 7% —w'tana (31)
and
tana = M (32)
w
Since v < wp,w’ = wp, thus tana ~ —1, a ~ 45°.
E 2F
A= P V2R (33)
MWy cosa  mwyy
Alternatively, instead of Eq. (27) we could have said
z(t) = —zg coswot + Ae” 2t sinw't + Be 2! cosw't (34)
z(t=0)=0= —290+B=0= B =ux.
. . . =T | /
(t) = woxgsinwot — A§e 2 'sinw't + Aw'e= "cosw't
- B%e?t cosw't — Buw'eZ tsinw't (35)

; I oy ~ — _Fo
Since v < wp, w’ = wy, thus A ~ ¢, B = mw%ﬂ/ ~ A.
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